Unit 4
Model Order Selection

EE-UY 4563/EL-GY 9143: INTRODUCTION TO MACHINE LEARNING
PROF. SUNDEEP RANGAN (WITH MODIFICATION BY YAO WANG)




Learning Objectives

dCompute the model order for a given model class

Visually identify overfitting and underfitting of a model in a scatterplot
(dDetermine if there is under-modeling for a given true function and model class
(dCompute the bias and variance for linear models (advanced)

dPerform cross-validation for selecting an optimal order selection
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Outline

‘Motivating Example: What polynomial degree should a model use?

Bias and variance

(dBias and variance for linear models (Advanced)

Cross-validation
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Polynomial Fitting

Last lecture: polynomial regression
dGiven data (x;,y;),i=1,..,N
Learn a polynomial relationship:
y = Po+Pix+ -+ fax +e

o d = degree of polynomial. Called model order

o B = (Py, ", Bq) = coefficient vector
Given d, can find B via least squares
(JHow do we select d from data?

This problem is called model order selection.
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Demo on Github

dDemo on github: https://github.com/sdrangan/introml/blob/master/unit04 model sel/demol polyfit.ipynb

D @ GitHub, Inc. [US] | https://github.com/sdrangan/introml/blob/master/model_sel/polyfitipynb

Suggested Sites m Web Slice Gallery & [ Import to Mendeley

Demo: Polynomial Model Order Selection

In this demo, we will illustrate the process of cross-validation for model order selection. We der
data for a polynomial fit. The lab will demonstrate how to:

» Characterize the model order for a simple polynomial model
» Measure training and test error for a given model order

» Select a suitable model order using cross-validation

» Plot the results for the model order selection process

We first load the packages as usual.

In [2]: import numpy as np
import matplotlib
import matplotlib.pyplot as plt
from sklearn import datasets, linear_model, preprocessing
%matplotlib inline

Polynomial Data

To illustrate the concepts, we consider a simple polynomial model:
y=fo+ fix+-+ pyxi+e,
where ( is the polynomial degree. We first generate synthetic data for this model.
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https://github.com/sdrangan/introml/blob/master/unit04_model_sel/demo03_1_polyfit.ipynb

Example Question

dYou are given some data.

dWant to fit a model: y = f(x)

(dDecide to use a polynomial: ; | |
fOO = Bo t frx + -+ Bax® 8 IS N N S S

JdWhat model order d should we use? - 'l

dThoughts? ©

-1.0 —0.5 0.0 0.5 1.0
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— True (dtrue=3)

Synthetic Data |

(JPrevious example is synthetic data

Ux;: 40 samples uniform in [-1,1]

Oy =f(x) + ¢
o f(x)=PLo+ P1x+ -+ ,ded = “true relation”
- d=3, e~N(0,0%)

-1.0 —-0.5 0.0 0.5 1.0
dSynthetic data useful for analysis x

o Know “ground truth”

# Import useful polynomial Library
o Can measure performance of various estimators e Ll ) R e T s PERRE Tl L
# True model parameters

beta = np.array([1,8.5,8,2])
wstd = 8.2

dtrue = len(beta)-1

coefficients
noise
true poly degree

oS

# Independent data
nsamp = 48
xdat = np.random.uniform(-1,1,nsamp)

# Polynomial
ye = poly.polyval(xdat,beta)
ydat = y8 + np.random.normal(8,wstd,nsamp)
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Fitting with True Model Order

dSuppose true polynomial order, d=3, is known

d =3
beta hat = poly.polyfit(xdat,ydat,d)

dUse linear regression
# Plot true and estimated function

° numpy.polynomial package xp = np. linspace(-1,1,100)
yp = poly.polyval(xp,beta)
. hat = poly.polyval(xp,beta hat
QGet very good fit (L, Peyvetbppeta_hat)
plt.ylim(-1,3)
plt.plot(xp,yp, r-',linewidth=2)
plt.plot(xp,yp hat, 'g-",linewidth=2)

3.0

— True (dtrue=3)

25 L Est{dzaj ...... |

2.0 eee Data

# Plot data

plt.scatter({xdat,ydat)

plt.legend([ 'True {dtrue=3)"', 'Est (d=3)', 'Data’], loc="upper left')
plt.grid()

plt.xlabel( 'x")

plt.ylabel('y")

.y l_[)_...................E......




But, True Model Order not Known

dSuppose we guess the wrong model order?

3.0 : : : : 3.0

— True (dtrue=3)| | of[— edme=n) )
2.5 — Est (d=1) _ i — Est (d=10) : :

20 e®e Data .._ 2.0l e®e Data

¢ L : : : :

o ; ; ; ; ol

-1.0 —0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

d=1 “Underfitting” d=10 “Overfitting”
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How Can You Tell from Data?

Y "" f A i A
| ]
| o
| T I
L - m! B ; B : ]
=" * s BB =
:: I | |
> >
= x
Underfitting Just right! overfitting

Is there a way to tell what is the correct model order to use?
(Must use the data. Do not have access to the true d?

JWhat happens if we guess:
° d too big?
° d too small?
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Using RSS on Training Data?

Simple (but bad) idea: R
o For each model order, d, find estimate 8 0.11 ! ! ! ! ! !
o Compute predicted values on training data 0.10 |- . ®——g ' : : ' :

RSS(d) = ) (i — 90
l
o Find d with lowest RSS

° Compute RSS5 0081 o\

dThis doesn’t work 0.05
o RSS(d) is always decreasing (Question: Why?)
o Minimizing RSS(d) will pick d as large as possible | |
o Leads to overfitting D03 oo

RSS (training)

0.02 ' ' ' '
dWhat went wrong? 0 2 4 6 8 10 12 14

Model order
(JHow do we do better?
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Outline

dMotivating Example: What polynomial degree should a model use?

‘Bias and variance

(dBias and variance for linear models (Advanced)

Cross-validation
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Generalization

dMachine learning:

o Get data points (x;,y;),i =1, ...,n y /)‘
o Learn some function y = f(x) A

dimplicitly, we are
o |nferring the value of y at new values of x

V.7
o Called generalization Ynew ! /

v

(dBasic question for all ML: Xnew
o How well do models we train generalize to new samples? af
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A Model To Understand Generalization

dAssume a true relation: y = f(x) + €, e~N(0,02)

V
dGet data points (x;,v;),i = 1,...,n f
Vi = fo(xi) + €

DdAssume a model § = f(x, )

o Parameters f8
Fit a parameter ﬁ from training data /
o Results in estimated function f(x, ﬁ)

dQuestion: How “good” is the estimated function?

— True fy(x)
Estimate f(x, B)
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Output Mean Squared Error

To evaluate generalization, suppose we are given:

o Atest point X¢ost ’/l
o New point, generally different from training samples. |
Actual value: y = fy(Xtest) + €
Predicted value: y = f(xtest,ﬁ)

> Note that ﬁ is random due to noise in training data

Define output mean squared error :

|
|
|
MSEy(xtest) = Ely _5}]2 :
|
|

o Expectation is over noise € on the training and test data.
: — True fy(x)

Estimate f(x, B)
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Function MSE and Irreducible Error

QOutput MSE decomposition: Output MSE, MSE,, (X¢es¢) = E[y — §]°, satisfies:

{ MSEy, (Xtest) = MSEf(Xyest) + 0¢ }

_ ~N12
DFunCtlon MSE: MSEf(xteSt) — E[fo(xtest) — f(xtest, ﬂ)]
o Represents difference between estimated and true function

Qirreducible error: 62 = E(€?) inoutputy = fo(x) + €
o Qccurs since y is influenced by other factors than x
o Fundamental limit on ability to predict y

> Lower bound on MSE,(X,es, B) = 0
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Proof of the MSE Decomposition

QOutput MSE decomposition: Output MSE MSE,, (X¢es) = E[y — §]? is:

MSEy(xtest) - MSEf(xtest) + 062

dProof:
© MSE,(X¢est) = E[y — 91> = E|fo(Xtest) + € — f(xtest»ﬁ)]z =M; + M, + 2M3
° M; = E[fo(xtest) - f(xtestfﬁ)]z = MSEf(xtest)
° M = E|€?] = o2
> Noise on test sample is independent of # and x;,s; and E(e¢) = 0
° Therefore M3 = E[E(fo(xtest) - f(xtest: B))] = E(E)E[fo(xtest) - f(xtestiﬁ)] =0
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Model Class and Under-Modeling

dModel class: The set of possible functions, § = f(x, )
o Setis parametrized by 8

Definition: Atrue function fy(x) is in the model class y = f(x, B) if:

fox) = f(x,By) forall x

for some parameter 8.
o B, called the true parameter

dUnder-modeling: When fy(x) is not in the model class
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Sample Questions 1 and 2

dFor each pair, state if the true function is in the model class or not
o That is, is there under-modeling or not?
o If true function is in the model class, state the true parameter

JEx 1:
o True function: fu(x) = 2 + 3x Model class: f(x,B) = By + f1x + Lox?
o No under-modeling. True parameter: = (2,3,0)

JEx 2:
o True function: fo(x) = 2 + 3x + 4x? Model class: f(x,5) = By + Bix
o There is under-modeling. Model class does not contain x? term
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Sample Questions 3 and 4

dFor each pair, state if the true function is in the model class or not
o That is, is there under-modeling or not?
o If true function is in the model class, state the true parameter

LJEx 3:
o True function: fy(x) = sin(2n(5)x + 7) Model class: f(x,B) = By sin(2r(5)x) + [; cos(2m(5)x)
> No under-modeling. fo(x) = sin(2r(5)x + 7) = sin(2m(5)x) cos(7) + cos(2m(5)x) sin(7)
o True parameter f = (cos 7,sin7)

Ex 4:
o True function: fy(x) = sin(2m(8)x + 7) Model class: f(x,B) = By sin(2m(5)x) + (1 cos(2m(5)x)
o There is under-modeling. Model class does not contain sin(2n8) or cos(2m8) terms
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Under-Modeling and Irreducible Error

dSuppose that:
o There is no under-modeling: fy,(x) = f(x, B,) for some “true” parameter B,; and

o Estimator selects the true parameter ﬁ = f, (somehow?)

AThen, function MSE is zero:

MSEf(xtest) — E[fO(xtest) o f(xtest: E)]Z - E[fO(xtest) o f(xtestlﬂo)]z =0

JOutput MSE = irreducible error

MSEy(xtest) = MSEf(xtest) + 062 - O_ce2
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What We Have Learned So Far

It (A Big If!)
o There is no undermodeling (i.e. true function is in model class), and
o We can estimate the true parameter

dThen:

o Qutput error = irreducible error
> We can achieve the same error as if we knew the true function f;(x)

This suggests: Select the model class large!
o Guarantees to approximately contains true function

o Ex: Take model class = set of polynomials with very high degree

dBut, using large models has other problems...
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In-Class Exercise

Question
For each model and true function pair below: Determine if there is undermodeling (i.e. the true
function is in the model class). If there is no undermodeling, find the true parameters

(a) True function: fy(x) = (1 + 2x)(3 + 4x), Model: f(x,p) = By + Bix + Byx*
(b) True function: fu(t) = 2(1 — et~3®) Model: f(t,5) = a+ bes, B = (a, b, c)
(c) True function: fu(t) = 2(1 — et~3) Model: f(t,f) = a+ be™ ., 3 = (a,b)
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Bias and Variance

(JTo understand potential problem of using a large model class introduce two key quantities:

(Bias: Bias(xtest): = fo (xtest) - E[f(xteSt'ﬁ)]

o How much the average value of the estimate differs from the true function

Variance: Var(xtest) =K [f(xtest»ﬁ) - E[f(xtestiﬁ)]]z

° How much the estimate varies around its average

(Bias and variance are (conceptually) measured as follows:
o Get many independent training data sets, each with same size N and input values x;

o Each dataset has different output values y; because of independent noise in the training data
o Obtain ﬁ for each training data set
o Bias and variances are computed over the different sets

Of course, in reality, we have only one training dataset
o Used to study theoretical averages over different experiments
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Bias lllustrated

(JRed: True function

(JRepeat 100 trials
o Each trial has independent data

o Obtain estimate for each trial

(Dashed line:
Mean estimate among all trials

Bias=True — Mean estimate

dConclusions:
o Low model orders = bias high

o High model orders = bias low
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d=1

d=3

d= 14

—_— Trus

1 == Mean est

-1 -

—_ True

1 == Mean est

—_— Trus

1 == Mean est

High bias
d < dtrue

10 -10 -05 00 05

No bias
d = dirye

No bias
d > dtrue




Variance lllustrated

NYU

(JRed: True function d= 1 d= 3 d= 14
— True / — True — True
(dRepeat 100 trials 3 Bt [l 3]+ 37— Est
o Each trial has independent data
o Obtain estimate for each trial g / s 4]
dVariance=STD around mean 14 11 11
(dConclusions: i ) |
o Low model orders = low variance /
o High model orders = high variance a1/ g iy
10 -05 00 05 10 -10 -05 ©00 05 10 -10 -05 00 05 10
High bias No bias No bias

Low variance
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Bias-Variance Formula

(dRecall definitions:
° Function MSE:  MSEf(X¢esr) = E[fo(xtest) - f(xtestr B)]
° Bias: Bias(xtest): = fo(xtest) - E[f(xtestr ﬂ)]

o Variance: Var(x;pst) == E [f(xtest: B) — E[f (xtese, 3)”2

LBias-Variance formula :[MSEf(xtest) = Bias(X;p5)* + Var(Xiest) }
o Will be proved below

L1Bias-Variance tradeoff

(Bias due to under-modeling
o Reduced with high model order

dVariance is due to noise in training data and number of parameters to estimate
o Increases with higher model order
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Bias-Variance Tradeoff

Tedal Errar

Bias:
° Due to under-modeling
o Reduced with high model order

Optimum Mode! Compleiy

5 Varianoo )
& dVariance:
o Increases with noise in training data
. s FlOOTis the noise > Increase with high model order
variance
- -

dOptimal model order depends on:

Model Comphaxiiy
- ‘ > Amount of samples available

o Underlying complexity of the relation

Simpler models Richer models
Less parameters More parameters
Under-fitting Over-fitting
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Bias-Variance Formula Proof

QDefine f(Xtpst) = E[f(xtest, ﬁ)] = average value of estimated function

QMSE, (Xgese) = Elfo(teese) = f Qteeses B = E[foCtrest) = Feest) + FOteest) = F(Xeeses B)]'
dThree components: MSE¢(Xtes:) = My + M, — 2M3

o My = E[foCttest) = Fttest)]” = [foCetest) = FGktest)]” = Bias(xest)

° My = E:f(xtestiﬁ) - f(xtest)]z = Var(Xtest)

° M3 = E:(fo(xtest) — f(xtest))(f(xtest;ﬁ) _f(xtest))]
— (fO (xtest) o ]i(xtest))E[f(xtest: ﬂ)__ f(xtest)]
= (fo (xtest) - f(xtest))(f(xtest) - f(xtest)) =0
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Summary of Results for Linear Models

Suppose model is linear with N = num samples, p = num parameters
(dCan show the following results (need some math, see next section)

Result 1: When N < p, linear estimate is not unique
o Need at least as many samples as parameters

Now assume that N > p and parameter estimate is unique

dResult 2: When there is no under-modeling, estimate is unbiased

E[f(xtQSt'ﬁ)] — fO (xtest:)-

JResult 3: If test point drawn randomly from the training data:

Var = %062

o Variance increases linearly with number of parameters and inversely with number of samples
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In-Class Exercise

Question
A teacher tries to model the score of a child on a test as follows:

Test score * Sy + 5y [Hours studied] + f-[Hours sleep before test]

Below are three possible shortcomings of the model. For each shortcoming, indicate whether it would
lead to (i) High irreducible error, (ii) High bias error or (iii) High variance error

(a) The relation between test score and hours studied is not linear. After some amount of studying,
the students test score will no longer improve.

(b} The model should also include the age of the child.

(c) The model was fit with data from one class with only 15 children.
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Outline

dMotivating Example: What polynomial degree should a model use?

Bias and variance

‘Bias and variance for linear models (Advanced)

Cross-validation
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This Section is Advanced

This section requires more advanced probability and linear algebra
(dMeans and variances of random vectors
dUndergraduates: Skip to final slide for final conclusions

JGraduate students: We will cover this
° You should review your multi-variable probability and linear algebra
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Linear Models

dConsider linear model in general transformed feature space:

y = f(x,,[?) = Qb(x)T,B = ,81¢1(x) + et ﬂpd)p(x)

o See previous lecture
QAssume true data relationis: y = fo(x) + €, E(e) = 0, E(e?) = o*
QdWhen there is no under-modeling: f,(x) = f(x, B°) = ¢(x)TB°

o B = (B3,-, BY) True parameter
dGet data (x;,y;),i=1,..,N

Least squares fit ,3 = (ATA) ATy _
h1(x1) - bp (x1)
A = : : :

D) - G
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Minimum Number of Samples

LS estimate requires AT A is invertible.

CLinear algebra fact: Since A € RV*P, we need Rank(4) > p
o Otherwise solution is not unique

Since Rank(A) < min(N,p) we need N > p.

JRecall:
o N = number of data samples

o p = number of parameters
W Conclusion: Number of samples = number of parameters

This places a basic limit on the model complexity that you can use
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Random Vectors Review

To analyze bias and variance in linear models, we need to review random vectors
dRandom vectors: x = (x4, ...,x4)": Each component x; is a random variable

(dMean: The vector of means of the components

u=Ex=(Exq..Ex))T = (uqg, ..., ug)’
Covariance components: Cov(xl-,xj) = E[(xl- — ,ul-)(xj — ,uj)]

Variance matrix (d X d): ] _
COV(le xl) COV(le xd)

Var(x) = E[(x — ) (x — n)7] =

Cov(xg,x1) - Cov(xg, xg)]
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Linear Transforms of Random Vectors

LA linear transformisamap: y=Ax + b
A € RM*N maps input x € RN to Ax € RM

(dMean and variance matrix under linear map given by
o Mean: E(y) =AE(x)+ b
o Variance: Var(y) = AVar(x)AT
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Bias With No Under-Modeling

QSuppose that there is no undermodeling: f,(x) = p(x)TBY

QThen each training sample output is: y; = ¢(x;)TB° + ¢;
QHence: true datavectory = AB° + ¢

dParameter estimate is:
= (ATA)71ATy = (ATA)TAT(AB° + €) = B° + (ATA)1AT¢
y

QSince Ee = 0, EF = B°. Average of parameter estimate matches true parameter
DEf(xtest: B) — Qb(xtest)TE,BA — d)(xtest)T,BO — fo(xtest)
OTherefore Bias(Xtest) = fo(Xtest) — Ef(xtest: B) =0

dConclusion: When the model is linear and there is no under-modeling, there is no bias
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Variance of the Parameters in Linear Models

Since €; are independent for different samples with E€; = 0, Eei2 = g?
0 i(#]
Cov(ei,ej) =

g% i=j
QTherefore variance matrix is: Var(e) = 21
QFrom last slide: f = B° + (ATA) '4Te.
JApplying variance formula of a linear transformation of €
E ((E ~ %) (B - ,BO)T) = (ATA)LATVar(e)A(ATA)
= 02(ATA)TATA(ATA) ! = g2 (ATA)
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Variance in Linear Estimate

JTo compute variance use trick: Suppose a and z are vectors, a is non-random, z is random:
Ela’z|? = E(a"zz"a) = a’E(zz")a

JFrom earlier: Ef(xtest: B) — Qb(xtest)TEﬁ = d)(xtest)TﬁO
dTherefore variance of linear model: , ,
Var(xtest) — E[f(xtestr B) - Ef(xtest» B)] — E[Qb(xtest)T(B - BO)]

= p(xees)"E |(B— B2)(B — B°) | d(xcese)
= 0% (Xpese) (ATA) 1 P (Xpest)

JAbove calculation is for the case of no under-modeling

But, similar calculation shows variance expression is the same when there is under-modeling
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Case with Equal Test & Training Distributions

dSuppose that test point is distributed identically to training data
° Training data inputs x;,i = 1, ..., N

: |
° Xiest = X; With probabllltyﬁ

QSince rows of A are p(x;)T: ATA =YY, p(x)p(x)T

ONow use trick: For random vectors u,v: E(u'v) = Tr E(vu’l)
o Tr(A) = }.; A;; = sum of diagonals

Therefore, variance averaged over X;pq; is:
EVar(xiest) = 0°E[p(Xiese)” (ATA) T p(xpese)] = 0°Tr{E[P(Xpest) P (Xpese) 1(ATA) 1}

o g2 2

— WZTT {Ziqs(xi)gb(xi)T (ATA)_l} = WTT{(ATA) (A"A)1} = %Tr{lp} = GTZP
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Case with Equal Test & Training Distributions

JAssumption on previous slide: Test point x;,; is randomly selected from training data

Then, average variance is given by

o%p
E Var(xtest) = T

Uincreases with number of parameters p
o Shows that increasing model complexity increases variance error

(A Decreases with number of samples N

dWhat if test data point is distributed differently from training data?

2
. o
o Then variance may be much Iargeer

o If test data is not like training data, we are extending model to regions not seen in training data
o Often leads to high error
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Summary of Results for Linear Models

Suppose model is linear with N = num samples, p = num parameters

Result 1: When N < p, linear estimate is not unique
o Need at least as many samples as parameters

Now assume that N > p and parameter estimate is unique

JResult 2: When there is no under-modeling, estimate is unbiased

E[f(xtest:ﬁ)] = fo (xtest:)-

dResult 3: If test point drawn from same distribution as training data:

Var =242
n

o Variance increases linearly with number of parameters and inversely with number of samples
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Outline

dMotivating Example: What polynomial degree should a model use?

Bias and variance

(dBias and variance for linear models (Advanced)

‘Cross—validation
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Cross Validation

dKey idea: Evaluate on samples different from training
Getdata X,y
dSplit into training X;., ¥4 and test Xig, Vi
dFor p = 1to p,,qx // LOOp over model order
o Fit on training data with model order p

o Predict values on test data
o Score fit on test data (e.g. measure RSS)

(JSelect model order with smallest score:

p = argmin S|[p]
p

o Maximize if higher score is better

TANDON SCHOOL
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Training data

Xtr» Yer
Niyqin Samples

Test data

Xts) Vts
N¢ost Samples

~

:8 = ﬁt(Xtri Ytr p)

Vi¢ = predict(XtS,ﬁ)
S[p] = score(Yis, Ves)




Polynomial Example: Training Test Split

JExample: Split data into 20 samples for training, 20 for test

4 ) ! !
—  True ' '
. : : # Numk m £ 4 T +
IH® @ Tr‘a|n|ng U A . L LE D'-'F SGﬂ‘,ﬂII.--E'S 4 d L.""ﬁ"l.""lﬂg ang test
5 5 ntr = nsamp // 2
m ® Test ; : . nts = nsamp - ntr

# Training
xtr = xdat[:ntr]

) ytr = ydat[:ntr]
] # Test
xts = xdat[ntr:]
yts = ydat[ntr:]

-1.0 -0.5 0.0 0.5 1.0
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Finding the Model Order

JEstimated optimal model order = 3

1.0 ! ! ! ! ! ! i i
: ' ' : ' . | e—e Training
: : : : : . |e—e Test
0.6 -
0
n- : : : : : : : :
0.2 F- A
0.0
0 1 2 3 4 5 5] 7 8

T Model order

RSS test minimized atd = 3
RSS training always decreases

W TANDON SCHOOL
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dtest = np.array(ranges(&,18))
RSStest = []

RSStr = []

for d in dtest:

plt.
plt.
.x1label( 'Model order')
.ylabel('R55")

.grid()

ylim{@,1)

plt.

plt
plt
plt
plt

# Fit data
beta hat = poly.polyfit(xtr,ytr,d)

# Meagsure RS5 on traoining data

# This is not necessary, but we do it just to show the training error
yhat = poly.polyval(xtr,beta_hat)

RS5d = np.mean((yhat-ytr)**2)

RSS5tr.append(RS5d)

# Measure R55 on test data

yhat = poly.polyval(xts,beta hat)
RSSd = np.mean((yhat-yts)**2)
RSStest.append(R55d)

plot{dtest,RS5tr, "bo-")}
plot{dtest,R55test, "go-")

legend([ "Training’, 'Test'],loc="upper right')
[



Problems with Simple Train/Test Split

Test error could vary significantly depending on samples selected
dOnly use limited number of samples for training

dProblems particularly bad for data with limited number of samples

W TANDON SCHOOL
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K-Fold Cross Validation

K -fold cross validation
o Divide data into K parts [ros | [ vamz | [ femaz | [ voms | [ Fems

o Use K — 1 parts for training. Use remaining for test.
- Training Training Training Training

. = .
o Average over the K test choices o Sl B | e o =
a— raining  Test raining raining raining '..r..'n
> More accurate, but requires K fits of parameters = N - s [l e 2
o i iras K= E O 2
Typlcal Ch0|ce' K 5 or 10 8 9 Training Training Training - Training :E
o Average MSE over K folds estimates the total MSE S [rarmg | [Traming| [Tmming| [terre| B 5
o (=Bias"2+Variance+irreducible error)
(JLeave one out cross validation (LOOCV) From
> Take K = N so one sample is left out. http://blog.goldenhelix.com/goldenadmin/cross-
o Most accurate, but requires N model fittings validation-for-genomic-prediction-in-svs/

o Necessary when N is small.

W TANDON SCHOOL
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K-Fold Pseudo-Code

NYU

UGet data X, y
dFori =1to K //Loop over folds

Complete
Data
D PN 7N RN P

| roda | | roz | | Fewz | | rema | | rews

- Training Training Training Training
Training Imt Training Training Training
Training Training - Training Training
Training Training Training _ Training
Training Training Training Training Test

Predicticn Statistics

o Split into training X¢,-, y¢ and test X, v, for fold i
o Forp = 1to p;,qx // LOOp over model order
o Fit on training data with model order p : ,[;’ = fit(X¢r, Ve, D)
o Predict values on test data: J;; = predict(XtS,,@)
o Score the fit on test data: S[p, i] = score(V;s, Vi)

1

QFind average score for each model order: S[p] = P K . S[p.i]

dSelect model order with lowest average score: p = arg min S[p]
p

TANDON SCHOOL
OF ENGINEERING




Polynomial Example

# Create a k-fold object
nfold = 28

DUSG Sklearn Kfold Object kf = sklearn.model selection.KFold{n_splits=nfold,shuffle=True)

# Model orders to be tested

DLOOp dtest = np.arange(8,18)
nd = len(dtest)

o Quter loop: Over K folds

# Loop over the folds

o Inner loop: Over D model orders RSSts = np.zeros((nd,nfold))
for isplit, Ind in enumerate(kf.split{xdat)):

(o]

Measure test error in each fold and order

# Get the troining data in the split

o Averaging test errors from K folds for each model order Itr, Its = Ind
. . o xtr = xdat[Itr]

o Find the model order with the minimal average test errors ytr = ydat[Itr]
. . xts = xdat[Its]

o Can be time-consuming yts = ydat[Its]

for it, d in enumerate(dtest):

# Fit data on trgining data
beta_hat = poly.polyfit(xtr,ytr,d)

# Measure RSS on test data
yhat = poly.polyval(xts,beta hat)
RSS5ts[it,isplit] = np.mean((yhat-yts)**2)

W TANDON SCHOOL
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Polynomial Example CV Results

RSS_mean = np.mean(RSSts,axis=1)
For each model order d RSS std = np.std(RSSts,axis=1) / np.sqrt(nfold-1)
o Compute mean test RSS over K folds plt.errorbar(dtest, RSS_mean, yerr=RSS_std, fmt='-")
1t.ylim(o,1
o Compute standard error (SE) of test RSS Elt.ilabil( -&Odel order")
o SE=STD of mean RSS=RSS std/ VK — 1 Eﬁ'ziizﬁ( UESE [,
o (expectation over different realizations
of data in each fold) 1.0 . . , , .
VY N0 NG SRS N N SN SN SN S
dSimple model selection S T N R D B B
o Select d W|th Iowest mean test RSS ‘é’ 0.6 - ) ciee et
QFor this example L e B R S e
o Estimate model order =3 : ! ! :
0 1 2 3 4 5 6 7 8 9

Model order

W TANDON SCHOOL
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One Standard Error Rulew

(dPrevious slide: Select d to minimize RSS_mean|[d]

o Average RSS across the folds and select lowest average bl I T |
5 0T NN R SR NN SO SRR SRS SUNIR . WP S—

dProblem: Often over-predicts model order E - \ i : z : z
0.4 |- : T P e PRy Oy  EETEESE -
o 0.2 ________ N T _________ _________ ________ '

(JOne standard deviation rule ‘ ; 5 ; 5
o Use simplest model “within one SE of minimum” o il f—f”‘f—_f"‘
' 4 5 6 7 8 9

T Model order

Optimal model order

W TANDON SCHOOL
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NYU

One SE Rule Pseudo-Code

UGet data X, y
dCompute score as before: S[p, i] = score for model order p on fold i

dCompute average, std deviation and standard error of the scores:
- 1 . 1 4 & [p]
> Slpl =+ 21 S, i, o[pl = 2SI, il = SIpD?, SElpl = =

QFind model order via normal rule: P, = arg min S[p] (lowest average score)
p

dCompute target score: Sy, = S[pol + SE[po]

(dOne SE rule: Find simplest model with score lower than target:

p = min{p | S[p] < S¢4e}

LNote that one SE rule always produce a model order < normal rule (p < py)

TANDON SCHOOL
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Lab: Neural ECoG Data

0.5

Record arm motion , .
(JRead a monkey’s brain!

Arm  Qpredict hand motion from
velocity  alectrode measurements (number
of spikes in each neuron)

Velocity y

o

Velocity y

-0.4
-04 03 -02 -01 0 0.1 0.2 0.3 0.4
Velocity x

Velocity x (Data from https://crcns.org/

o Open source website on neural data

7 o Great for projects
»

Spikes

W >

Record spikes |
(ECoG in M1)

Neuron

W TANDON SCHOOL
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https://crcns.org/

Lab: Neural ECoG Data

0.5

A ULinear filter model:

03 d p-1
A
rm VIt k] = ZZX[t—{’,j]W[{’,j, k] + b[k]
£=0 j=0

0.2

0.1

Velocity y

’ velocity

-0.1

-0.2

Velocity y

-0.3

: o X|[t, j] = spikes from neuron j at time t
VeIOC|ty ) o y[t, k] = Output k at time t (two outputs for x and y motion)
o WI4,j, k] = weight from neuron j to output k at time delay ¢

-0

? Linear fitting: Find W and b from X and y

(dModel order selection:
o Find optimal maximum delay d

Spikes o Higher d allows better fit, but uses more parameters

Neuron

W TANDON SCHOOL
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