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Learning Objectives
Identify cases to use dimensionality reduction

Mathematically describe principal components representations of data

Compute principal components via SVDs

Compute PC components in python

Add PCA transforms as a pre-processing step to classification and regression

Implement low-rank transforms for recommender systems
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Outline
Why dimensionality reduction?

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face example in python

Training models from PCs

Low rank approximations and recommender systems
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High-Dimensional Data
Many data sets have very high dimension

Training can be difficult 
◦ Especially when number of samples is small
◦ Classifier needs many parameters
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EEG  
Ex:  32 channels x 1 kHz x 10s Face recognition with high-resolution images



Problems with High-Dimensions
Consider face recognition

Input is high-dimensional
◦ Esp. for high resolution image

Resulting classifier:
◦ Requires many parameters
◦ Difficult to train
◦ Needs many samples
◦ Computationally complex
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Dimensionality Reduction

Dimensionality reduction:
◦ Reduce the input dimension to lower dimensional representation

Can build simpler classifier

Low-dimensional representational also good for:
◦ Visualizing data
◦ Clustering and other unsupervised tasks
◦ Finding underlying structure of the data
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Outline
Dimensionality reduction

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face example in python

Training models from PCs

Low rank approximations and recommender systems
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Data Definitions
Given data:  𝒙𝒙𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑁𝑁
◦ Each sample has 𝑝𝑝 features:  𝒙𝒙𝑖𝑖 = (𝑥𝑥𝑖𝑖𝑖, … , 𝑥𝑥𝑖𝑖𝑖𝑖)
◦ Represent as an 𝑁𝑁 × 𝑝𝑝 matrix

Unsupervised learning
◦ Samples do not have a label
◦ Or we choose to ignore the label for now

Dimension 𝑝𝑝 is large

How do we reduce the dimension?
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Projections
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PCA reduces dimensionality by “projecting” data to a lower dim subspace

Projection: Given vectors 𝒛𝒛 and 𝒗𝒗, the projection of 𝒛𝒛 onto 𝒗𝒗 is:  

�𝒛𝒛 = Proj𝒗𝒗 𝒛𝒛 = 𝛼𝛼𝒗𝒗, 𝛼𝛼 =
𝒗𝒗𝑻𝑻𝒛𝒛
𝒗𝒗𝑻𝑻𝒗𝒗

=
𝒛𝒛
𝒗𝒗

𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃

◦ 𝛼𝛼 = coefficient of the projection

Theorem:  Proj𝒗𝒗 𝒛𝒛 is closest point in 𝑉𝑉 to 𝒛𝒛:

�𝒛𝒛 = arg min
𝒘𝒘∈𝑉𝑉

𝒛𝒛 − 𝒘𝒘 2

◦ 𝑉𝑉 = 𝛼𝛼𝒗𝒗 𝛼𝛼 ∈ 𝑅𝑅} = vectors on the line spanned by 𝒗𝒗

𝒛𝒛
𝒗𝒗

�𝒛𝒛



Maximal Directional Variance
Given data: 𝒙𝒙𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑁𝑁 and direction 𝒗𝒗 with 𝒗𝒗 = 1
Let 𝑧𝑧𝑖𝑖 = 𝒗𝒗𝑇𝑇𝒙𝒙𝑖𝑖 = coefficient of the projection of 𝒙𝒙𝑖𝑖 onto 𝒗𝒗
Sample mean and variance in direction 𝒗𝒗 is :
◦ Sample mean ̅𝑧𝑧 = 1

𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 𝑧𝑧𝑖𝑖

◦ Sample variance 𝑠𝑠𝑧𝑧2 = 1
𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 𝑧𝑧𝑖𝑖 − ̅𝑧𝑧 2

Problem:  Find the direction 𝒗𝒗 that maximizes the variance 𝑠𝑠𝑧𝑧2

Why?
◦ Captures the most variation of the data
◦ Provides the best vector for dimensionality reduction
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Sample Covariance Matrix
Sample mean of the data: �𝒙𝒙 = 1

𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 𝒙𝒙𝑖𝑖

Sample covariance matrix:  Matrix 𝑸𝑸 with components:

𝑄𝑄𝑘𝑘𝑘 =
1
𝑁𝑁
�
𝑖𝑖=1

𝑁𝑁

(𝑥𝑥𝑖𝑖𝑖𝑖 − 𝑥̅𝑥𝑘𝑘)(𝑥𝑥𝑖𝑖ℓ − 𝑥̅𝑥ℓ)

◦ Covariance between feature 𝑘𝑘 and ℓ in the dataset
◦ Matrix is 𝑝𝑝 × 𝑝𝑝

Sample covariance is given by
𝑸𝑸 =

1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝒙𝒙𝑖𝑖 − �𝒙𝒙 𝒙𝒙𝑖𝑖 − �𝒙𝒙 𝑇𝑇 =

1
𝑁𝑁
�𝑿𝑿𝑇𝑇�𝑿𝑿

◦ �𝑿𝑿 = data matrix with sample mean removed (rows:  �𝒙𝒙𝑖𝑖 = 𝒙𝒙𝑖𝑖 − �𝒙𝒙 )
◦ Compute sample covariance via a matrix product
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Sample Covariance and Directional Variance
Let 𝑧𝑧𝑖𝑖 = 𝒗𝒗𝑇𝑇𝒙𝒙𝑖𝑖 = coefficient of the projection of 𝒙𝒙𝑖𝑖 onto 𝒗𝒗

Can compute the sample mean and variance of 𝑧𝑧𝑖𝑖 from �𝒙𝒙 and 𝑸𝑸

Sample mean of the coefficients:

̅𝑧𝑧 =
1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝑧𝑧𝑖𝑖 =

1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝒗𝒗𝑇𝑇𝒙𝒙𝑖𝑖 = 𝒗𝒗𝑇𝑇

1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝒙𝒙𝑖𝑖 = 𝒗𝒗𝑇𝑇�𝒙𝒙

Sample variance of the coefficients:

𝑠𝑠𝑧𝑧2 =
1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝑧𝑧𝑖𝑖 − ̅𝑧𝑧 2 =

1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝒗𝒗𝑇𝑇(𝒙𝒙𝑖𝑖 − �𝒙𝒙) 2

=
1
𝑁𝑁
�

𝑖𝑖=1

𝑁𝑁
𝒗𝒗𝑇𝑇 𝒙𝒙𝑖𝑖 − �𝒙𝒙 𝒙𝒙𝑖𝑖 − �𝒙𝒙 𝑇𝑇 𝒗𝒗

= 𝒗𝒗𝑇𝑇𝑸𝑸𝑸𝑸
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Maximizing Directional Variance
From previous slide: Directional variance 𝑠𝑠𝑧𝑧2 = 1

𝑁𝑁
∑𝑖𝑖=1𝑁𝑁 𝑧𝑧𝑖𝑖 − ̅𝑧𝑧 2 = 𝒗𝒗𝑻𝑻𝑸𝑸𝑸𝑸

Maximizing directional variance can be formulated as an optimization problem:
max
𝒗𝒗

𝒗𝒗𝑻𝑻𝑸𝑸𝑸𝑸 s.t. 𝒗𝒗 = 1

Let 𝒗𝒗1, … ,𝒗𝒗𝑝𝑝 be the eigenvectors of 𝑸𝑸 : 𝑸𝑸𝒗𝒗𝑗𝑗 = 𝜆𝜆𝑗𝑗𝒗𝒗𝑗𝑗
Sort eigenvalues in descending order:  𝜆𝜆1 ≥ 𝜆𝜆2 ≥ ⋯ ≥ 𝜆𝜆𝑝𝑝
◦ Can show that eigenvalues are real and non-negative

Theorem:  Any local maxima of the variance directional is an eigenvector
◦ 𝒗𝒗 = 𝒗𝒗𝑗𝑗 for some 𝑗𝑗 and 𝒗𝒗𝑻𝑻𝑸𝑸𝑸𝑸 = 𝜆𝜆𝑗𝑗
◦ Proof below
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Visualizing Principal Components
Principal components:  The eigenvectors of 𝑸𝑸, 𝒗𝒗1, … ,𝒗𝒗𝑝𝑝
◦ Always normalized 𝒗𝒗𝑗𝑗 = 1
◦ Sorted by eigenvalues 𝜆𝜆1 ≥ 𝜆𝜆2 ≥ ⋯ ≥ 𝜆𝜆𝑝𝑝
◦ Each vector is of dimension 𝑝𝑝

Key property:  Vectors are orthogonal
◦ 𝒗𝒗𝑗𝑗𝑇𝑇𝒗𝒗𝑘𝑘 = 0 if 𝑗𝑗 ≠ 𝑘𝑘

Represents directions of decreasing variance:
◦ 𝒗𝒗1:  PC 1 = Direction of max variance
◦ 𝒗𝒗2:  PC 2 = Direction of second most variance
◦ 𝒗𝒗3:  PC 3 = Direction of third most variance
◦ …
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Proof PCs = Eigenvectors of 𝑸𝑸
PC constrained optimization problem:

max
𝒗𝒗

𝒗𝒗𝑻𝑻𝑸𝑸𝑸𝑸 s.t. 𝒗𝒗 = 1

Define Lagrangian:  𝐿𝐿 𝒗𝒗, 𝜆𝜆 = 𝒗𝒗𝑻𝑻𝑸𝑸𝑸𝑸 − 𝜆𝜆 𝒗𝒗 2 − 1

At any local maxima:
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0 ⇒ 𝑸𝑸𝑸𝑸 − 𝜆𝜆𝒗𝒗 = 𝟎𝟎

This shows that 𝒗𝒗 is an eigenvector of 𝑸𝑸
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In-Class Exercise
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Outline
Dimensionality reduction

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face example in python

Training models from PCs

Low rank approximations and recommender systems
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�𝒙𝒙𝑖𝑖

Approximation
𝑑𝑑 ≪ 𝑝𝑝 dim

Low-Dimensional Representations
Given data 𝒙𝒙𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑁𝑁.  Each 𝒙𝒙𝑖𝑖 ∈ ℝ𝑝𝑝

Problem:  Find basis vectors 𝒗𝒗𝑗𝑗 , 𝑗𝑗 = 1, … ,𝑑𝑑 such that:

𝒙𝒙𝑖𝑖 ≈ �𝒙𝒙𝑖𝑖 = �𝒙𝒙 + �
𝑗𝑗=1

𝑑𝑑

𝛼𝛼𝑖𝑖𝑖𝑖𝒗𝒗𝑗𝑗

◦ Sample mean + linear combination of basis vectors
◦ 𝛼𝛼𝑖𝑖 = (𝛼𝛼𝑖𝑖𝑖, … ,𝛼𝛼𝑖𝑖𝑖𝑖) is an approximate coordinates of 𝒙𝒙𝑖𝑖 in basis (𝒗𝒗1, … ,𝒗𝒗𝑑𝑑)

Dimensionality reduction:  
◦ If 𝑑𝑑 ≪ 𝑝𝑝 we have represented 𝒗𝒗𝑖𝑖 with a smaller number of coefficients.
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Orthonormal Sets and Bases
Definition:  A set of vectors 𝒗𝒗1, … ,𝒗𝒗𝑑𝑑 are an orthonormal set if:
◦ 𝒗𝒗𝑗𝑗 = 1 for all 𝑗𝑗 (unit length)
◦ 𝒗𝒗𝑗𝑗𝑇𝑇𝒗𝒗𝑘𝑘 = 0 if 𝑗𝑗 ≠ 𝑘𝑘 (perpendicular to one another)

Matrix form:  If 𝑽𝑽 = 𝒗𝒗1 …𝒗𝒗𝑑𝑑 , then  𝑽𝑽𝑇𝑇𝑽𝑽 = 𝐼𝐼𝑑𝑑
If 𝑑𝑑 = 𝑝𝑝 then 𝒗𝒗1, … ,𝒗𝒗𝑝𝑝 is called an orthonormal basis
◦ 𝑽𝑽 is an orthogonal matrix

Key property:  the PCs form an orthonormal basis

19



Coefficients in an Orthonormal Basis
Suppose 𝒗𝒗1, … ,𝒗𝒗𝑝𝑝 is an orthonormal basis

Given a vector 𝒛𝒛, can write 

𝒛𝒛 = �
𝑗𝑗=1

𝑝𝑝

𝛼𝛼𝑗𝑗𝒗𝒗𝑗𝑗 , 𝛼𝛼𝑗𝑗 = 𝒗𝒗𝑗𝑗𝑇𝑇𝒛𝒛

◦ Simple expression for computing coefficients in an orthonormal basis

Matrix form:
𝜶𝜶 = 𝑽𝑽𝑇𝑇𝒛𝒛, 𝒛𝒛 = 𝑽𝑽𝛼𝛼
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Approximating the Data Matrix
Given data 𝒙𝒙𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑁𝑁

Let 𝒗𝒗1, … ,𝒗𝒗𝑝𝑝 be the PCs

Find coefficient expansion of each data sample:

𝒙𝒙𝑖𝑖 = �𝒙𝒙 + �
𝑗𝑗=1

𝑝𝑝

𝛼𝛼𝑖𝑖𝑖𝑖𝒗𝒗𝑗𝑗 , 𝛼𝛼𝑖𝑖𝑖𝑖 = 𝒗𝒗𝑗𝑗𝑇𝑇(𝒙𝒙𝑖𝑖 − �𝒙𝒙)

Approximation with 𝑑𝑑 coefficients:

�𝒙𝒙𝑖𝑖 = �𝒙𝒙 + �
𝑗𝑗=1

𝑑𝑑

𝛼𝛼𝑖𝑖𝑖𝑖𝒗𝒗𝑗𝑗
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Geometry of Approximations
Approximation can be interpreted geometrically

Let 𝑉𝑉 be set of all linear combinations

�
𝑗𝑗=1

𝑑𝑑

𝛼𝛼𝑗𝑗𝒗𝒗𝑗𝑗

◦ 𝑉𝑉 is a vector space
◦ Called the span of 𝒗𝒗1, … ,𝒗𝒗𝑑𝑑

�𝒙𝒙 − �𝒙𝒙 is the closest vector in 𝑉𝑉 to  𝒙𝒙 − �𝒙𝒙
◦ Note the subtraction of the mean
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𝒙𝒙 − �𝒙𝒙 𝒙𝒙 − �𝒙𝒙

Space spanned by 𝑣𝑣1, … , 𝑣𝑣𝑑𝑑

�𝒙𝒙 − �𝒙𝒙



Visualizing the Representation
Finds a low-dimensional representation
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Example Calculation
Problem:
◦ Let 𝒗𝒗1 = 1

2
1,1,0 , 𝒗𝒗2 = 1

6
1,−1,2

◦ Show 𝑣𝑣1 and 𝑣𝑣2 are orthogonal

Solution:
◦ 𝒗𝒗1𝑇𝑇𝒗𝒗1 = 1

2
12 + 12 + 02

◦ 𝒗𝒗2𝑇𝑇𝒗𝒗2 = 1
6

12 + (−1)2+22 = 1

◦ 𝒗𝒗1𝑇𝑇𝒗𝒗2 = 1
2(3)

1(1) + 1(−1) + 0(2) = 0
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Example Calculation Continued
Problem:
◦ Let 𝒗𝒗1 = 1

2
1,1,0 , 𝒗𝒗2 = 1

6
1,−1,2 be two PCs

◦ Let �𝒙𝒙 = [0,1,2] be the mean of the data
◦ Find the approximation of 𝒙𝒙 = [2,4,4] with the two PCs

Solution:
◦ Subtract mean:  𝒙𝒙 − �𝒙𝒙 = 2,3,2

◦ Coeff on PC1:  𝛼𝛼1 = 𝒗𝒗1𝑇𝑇 𝒙𝒙 − �𝒙𝒙 = 1
2

2 + 3 + 0 = 5
2

◦ Coeff on PC2:  𝛼𝛼2 = 𝒗𝒗2𝑇𝑇 𝒙𝒙 − �𝒙𝒙 = 1
6

2 − 3 + 4 = 3
6

◦ Approximation:�𝒙𝒙 = �𝒙𝒙 + ∑𝑗𝑗=1𝑑𝑑 𝛼𝛼𝑗𝑗𝒗𝒗𝑗𝑗 = 0,1,2 + 5
2

1,1,0 + 3
6

1,−1,2 ≈ [3, 3, 3]
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Average Approximation Error
Let �𝒙𝒙𝑖𝑖 = approximation with 𝑑𝑑 PCs

Error in sample 𝑖𝑖: 

𝒙𝒙𝑖𝑖 − �𝒙𝒙𝑖𝑖 = �
𝑗𝑗=𝑑𝑑+1

𝑝𝑝

𝛼𝛼𝑖𝑖𝑖𝑖𝒗𝒗𝑗𝑗

Theorem:  Average error with a 𝑑𝑑 PC approximation is:
1
N
�
𝑖𝑖=1

𝑁𝑁

𝒙𝒙𝑖𝑖 − �𝒙𝒙𝑖𝑖 2 = �
𝑗𝑗=𝑑𝑑+1

𝑝𝑝

𝜆𝜆𝑗𝑗

◦ Sum of the smallest 𝑝𝑝 − 𝑑𝑑 eigenvalues
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Proportion of Variance (PoV)
Total variance of data set: 

1
N
�
𝑖𝑖=1

𝑁𝑁

𝒙𝒙𝑖𝑖 − �𝒙𝒙 2 = �
𝑗𝑗=1

𝑝𝑝

𝜆𝜆𝑗𝑗

Average approximation error:
1
N
�
𝑖𝑖=1

𝑁𝑁

𝒙𝒙𝑖𝑖 − �𝒙𝒙𝑖𝑖 2 = �
𝑗𝑗=𝑑𝑑+1

𝑝𝑝

𝜆𝜆𝑗𝑗

The proportion of variance explained by 𝑑𝑑 PCs is:  

𝑃𝑃𝑃𝑃𝑃𝑃 𝑑𝑑 =
∑𝑗𝑗=1𝑑𝑑 𝜆𝜆𝑗𝑗
∑𝑗𝑗=1
𝑝𝑝 𝜆𝜆𝑗𝑗

◦ Measure of approximation error in using 𝑑𝑑 PCs 
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PC 
index

𝝀𝝀𝒊𝒊 POV(𝒊𝒊)

1 10 10/14.3≈ 0.70
2 4 14/14.3≈ 0.98
3 0.2 14.2/14.3≈ 0.99
4 0.1 14.3/14.3= 1

Example



Latent Representations
Each record is of the form: 𝒙𝒙𝑖𝑖 ≈ �𝒙𝒙 + ∑𝑗𝑗=1𝑑𝑑 𝛼𝛼𝑖𝑖𝑖𝑖𝒗𝒗𝑗𝑗

Variance in 𝒙𝒙𝑖𝑖 explained by small number of “latent components”
◦ Coefficients 𝛼𝛼𝑖𝑖𝑖𝑖 are the latent representations of 𝒙𝒙𝑖𝑖

Example:  
◦ 𝒙𝒙𝑖𝑖 = list of movie preferences for customer 𝑖𝑖
◦ Movie preferences are highly correlated.  
◦ Could be explained by small number of components (action, romance, presence of stars, …)
◦ PCA can be used to find these out
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Example:  USArrests
Arrests per capita in four categories
◦ One record per US state

Visualize PCA in a biplot
◦ See the scores (i.e. coefficients of each state)
◦ Loading (PC vectors)

Fig from ISL 10.1
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In-Class Exercise
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Outline
Dimensionality reduction

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face example in python

Training models from PCs

Low rank approximations and recommender systems
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Singular Value Decomposition
SVD:  Powerful method in linear algebra

Given a matrix 𝐴𝐴:
◦ Decomposes the matrix into a product:  𝐴𝐴 = 𝑈𝑈𝑈𝑈𝑉𝑉𝑇𝑇

◦ Provides orthonormal bases of the input and output spaces
◦ Multiplication of 𝐴𝐴 is equivalent to scaling in that basis

For PCA:
◦ Identifies low rank subspaces for data
◦ Computes coefficients in that subspace

32
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Singular Value Decomposition Defined

Given matrix 𝑨𝑨 ∈ 𝔽𝔽𝑛𝑛×𝑑𝑑

◦ For PCA, this will be a scaled version of the data matrix

SVD is 𝑨𝑨 = 𝑼𝑼𝚺𝚺𝑽𝑽𝑇𝑇,  where 
◦ 𝑼𝑼 ∈ 𝔽𝔽𝑛𝑛×𝑟𝑟 , columns are orthonormal
◦ 𝑽𝑽 ∈ 𝔽𝔽𝑑𝑑×𝑟𝑟 , columns are orthonormal
◦ 𝚺𝚺 = diag(𝑠𝑠1, … , 𝑠𝑠𝑟𝑟),   sorted 𝑠𝑠1 ≥ 𝑠𝑠2 ≥ ⋯ ≥ 𝑠𝑠𝑟𝑟 ≥ 0 .  
◦ Called the singular values

All matrices have an SVD
◦ Matrices do not have to be square.

Number of singular values 𝑟𝑟 ≤ min(𝑛𝑛,𝑑𝑑)
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Economy vs. Full SVD
Suppose 𝑨𝑨 ∈ ℝ𝑛𝑛×𝑑𝑑 with rank 𝑟𝑟 ≤ min{𝑛𝑛,𝑑𝑑}

Two types of SVDs

Economy SVD: 𝐴𝐴 = 𝑈𝑈𝑈𝑈𝑉𝑉∗
◦ 𝑈𝑈 ∈ 𝔽𝔽𝑛𝑛×𝑟𝑟 , columns are orthonormal
◦ 𝑉𝑉 ∈ 𝔽𝔽𝑑𝑑×𝑟𝑟 , columns are orthonormal
◦ Σ ∈ 𝔽𝔽𝑟𝑟×𝑟𝑟 diagonal Σ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑠𝑠1, … , 𝑠𝑠𝑟𝑟 ,

Full SVD: 𝐴𝐴 = 𝑈𝑈𝑈𝑈𝑉𝑉∗
◦ 𝑈𝑈 ∈ 𝔽𝔽𝑛𝑛×𝑛𝑛, columns are an orthonormal basis of ℝ𝑛𝑛

◦ 𝑉𝑉 ∈ 𝔽𝔽𝑑𝑑×𝑑𝑑 , columns are an orthonormal basis of ℝ𝑑𝑑

◦ Σ ∈ 𝔽𝔽𝑛𝑛×𝑑𝑑 with diagonal upper left Σ = �Σ 0
0 0
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SVD Visualized
Pink matrices represent “economy” SVD

Blue represent “full SVD”
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Example
Let 𝐴𝐴 =

Then can check that  𝐴𝐴 = 𝑈𝑈Σ𝑉𝑉∗

◦ Also verify that 𝑈𝑈𝑈𝑈∗ = 𝐼𝐼5 and 𝑉𝑉𝑉𝑉∗ = 𝐼𝐼5
◦ This can be found by (cleverly) permute the rows of 𝐴𝐴
◦ But, in general, use a computer to compute SVD
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Geometric Interpretation
Let 𝐴𝐴 = 𝑈𝑈Σ𝑉𝑉∗ and 𝑦𝑦 = 𝐴𝐴𝐴𝐴

Consider a transformed space
◦ 𝒘𝒘 = 𝑽𝑽∗𝒙𝒙 = [𝑤𝑤1, … ,𝑤𝑤𝑁𝑁] coefficients in input basis 𝑉𝑉 = [𝑣𝑣1, … , 𝑣𝑣𝑁𝑁]
◦ 𝒛𝒛 = 𝑼𝑼∗𝒚𝒚 = [𝑧𝑧1, … , 𝑧𝑧𝑀𝑀]:  coefficients in output basis 𝑈𝑈 = [𝑢𝑢1, … ,𝑢𝑢𝑀𝑀]

Then:  𝒛𝒛 = 𝚺𝚺𝒘𝒘 so  𝑧𝑧𝑖𝑖 = 𝜎𝜎𝑖𝑖𝑤𝑤𝑖𝑖
Each input direction 𝒗𝒗𝑖𝑖 is mapped to 𝜎𝜎𝑖𝑖𝒖𝒖𝑖𝑖
Consequence:  
◦ SVD finds orthonormal bases 𝑈𝑈,𝑉𝑉 such that

matrix 𝐴𝐴 is a linear scaling in each basis vector
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Example Problem
Suppose that 𝐴𝐴 = 𝑈𝑈Σ𝑉𝑉∗ ∈ ℝ3×4 with Σ = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(3,0.2,0,0)

If 𝒙𝒙 = 2𝒗𝒗1 + 3𝒗𝒗2 + 4𝒗𝒗3 + 5𝒗𝒗4 find 𝑦𝑦 = 𝐴𝐴𝐴𝐴 in terms of basis 𝑢𝑢1,𝑢𝑢2,𝑢𝑢3
Solution:
◦ 𝑨𝑨𝑨𝑨𝑖𝑖 = 𝜎𝜎𝑖𝑖𝒖𝒖𝑖𝑖 for all 𝑖𝑖
◦ Therefore,

𝒚𝒚 = 𝑨𝑨𝑨𝑨 = 2𝑨𝑨𝒗𝒗1 + 3𝑨𝑨𝒗𝒗2 + 4𝑨𝑨𝒗𝒗3 + 5𝑨𝑨𝒗𝒗4
= 2 3 𝒖𝒖1 + 3 0.2 𝒖𝒖2 + 4 0 𝒖𝒖3
= 6𝒖𝒖1 + 0.6 𝒖𝒖2
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Computing the SVD in Python
Random matrix

Full SVD

Economy SVD

Reconstruction:
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Computing the PCA via SVD
Let 𝑨𝑨 = 1

𝑁𝑁
�𝑿𝑿 = scaled data matrix with sample mean removed.

Take SVD: 𝑨𝑨 = 𝐔𝐔𝐔𝐔𝐔𝐔𝑇𝑇

Properties:  
◦ Sample covariance matrix is 𝑸𝑸 = 1

𝑁𝑁
�𝑿𝑿𝑻𝑻�𝑿𝑿 = 𝑨𝑨𝑻𝑻𝑨𝑨 = 𝑽𝑽𝚺𝚺𝐔𝐔𝑇𝑇𝑼𝑼𝚺𝚺𝑽𝑽𝑇𝑇 = 𝑽𝑽𝚺𝚺𝟐𝟐𝑽𝑽𝑇𝑇

◦ Eigenvalues of 𝐐𝐐 = squared singular values of 𝑨𝑨
◦ PCs are 𝒗𝒗𝑗𝑗 , columns of 𝑽𝑽
◦ Coefficients are 𝒁𝒁 = �𝑿𝑿𝑽𝑽 = 𝑁𝑁𝑨𝑨𝑨𝑨 = 𝑁𝑁𝑼𝑼𝚺𝚺

Hence, SVD provides PCs, eigenvalues coefficients 𝒁𝒁 in the PCA representation.
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In-Class Exercise
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Outline
Dimensionality reduction

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face recognition using PCA in python

Training models from PCs

Low rank approximations and recommender systems
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Example: Face Recognition
Face recognition challenges:
◦ Face images can be high-dimensional
◦ We will use 50 x 37 = 1850 pixels

Applying PCA:
◦ Should be few degrees of freedom
◦ Can transform to lower dimensional representations

Data Labelled Faces in the Wild project
◦ http://vis-www.cs.umass.edu/lfw
◦ Large collection of faces (13000 images)
◦ Taken from web articles about 20 years ago
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Loading the Data
Built-in routines to load data is sciket-learn

Can take several minutes the first time (Be patient)
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Plotting the Data
Some example faces

You may be too young to remember them all
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Computing the PCA
Manually compute the PCs with SVD
◦ Remove the mean
◦ Use broadcasting

◦ Compute the SVD

Use sklearn builtin PCA function
◦ Construct a PCA object

◦ Call fit:  Computes mean and PC components
◦ Stores values internally in the pca class
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Finding the PoV
Most variance explained in about 
400 components

Some reduction
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Plotting Approximations

Reconstruction using sklearn method
◦ Uses the inverse_transform method

Reconstruction using SVD
◦ Note use of broadcasting
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Plotting the Approximations
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Plotting the PCs
The PCs can be plotted as well
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State-of-the-Art:  Auto-Encoders
PCA is a simple example of an autoencoder

Tries to find low-dim representation

Restricted to linear transforms

Not very good for images and complex data 
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Deep Auto-Encoders
Can use deep networks for learning complex latent representations and their inverses
◦ http://www.cc.gatech.edu/~hays/7476/projects/Avery_Wenchen/
◦ https://swarbrickjones.wordpress.com/2016/01/13/enhancing-images-using-deep-convolutional-

generative-adversarial-networks-dcgans/ (Code in Theano not tensorflow)
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Outline
Dimensionality reduction

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face example in python

Training models from PCs

Low rank approximations and recommender systems
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Classification Using PCs

Many problems:  Dimensionality of data 𝑥𝑥 is too large
◦ Classifier in original space will have too many parameters

Key idea: 
◦ Learn a dimension reducing transform via PCA:  𝑧𝑧 = 𝑓𝑓(𝑥𝑥)
◦ Train classifier on low-dim transform �𝑦𝑦 = 𝑔𝑔(𝑧𝑧)
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Why This Would Work?
PCA works if:
classes are separable in transformed domain

Example to right:
◦ MNIST digits plotted in two PCs
◦ Can mostly separate the classses
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Training and Testing
Split data in training and test:  𝑋𝑋𝑡𝑡𝑡𝑡 ,𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑋𝑋𝑡𝑡𝑡𝑡,𝑦𝑦𝑡𝑡𝑡𝑡
Fit PCA transform on 𝑍𝑍 = 𝑔𝑔(𝑋𝑋) on training data 𝑋𝑋𝑡𝑡𝑡𝑡
◦ Do not include test data in PCA fit!
◦ Many students make this mistake.

Transform training and test:
◦ 𝑍𝑍𝑡𝑡𝑡𝑡 = 𝑔𝑔 𝑋𝑋𝑡𝑡𝑡𝑡 , 𝑍𝑍𝑡𝑡𝑡𝑡 = 𝑔𝑔 𝑋𝑋𝑡𝑡𝑡𝑡

Fit classifier �𝑦𝑦 = 𝑓𝑓(𝑧𝑧) on transformed training data 𝑍𝑍𝑡𝑡𝑡𝑡 , 𝑦𝑦𝑡𝑡𝑡𝑡
Predict classifier on transformed test data: �𝑦𝑦𝑡𝑡𝑡𝑡 = 𝑓𝑓(𝑍𝑍𝑡𝑡𝑡𝑡)

Score error rate / MSE on test data:  𝜖𝜖 = 1
𝑁𝑁

#{ �𝑦𝑦𝑡𝑡𝑡𝑡𝑖𝑖 ≠ 𝑦𝑦𝑡𝑡𝑡𝑡𝑖𝑖 }
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Cross-Validation 
To find number of PCs and other parameters use cross-validation

Split data in training and test:  𝑋𝑋𝑡𝑡𝑡𝑡 ,𝑦𝑦𝑡𝑡𝑡𝑡 ,𝑋𝑋𝑡𝑡𝑡𝑡,𝑦𝑦𝑡𝑡𝑡𝑡
For each set of parameters:
◦ Fit PCA transform on 𝑍𝑍 = 𝑔𝑔(𝑋𝑋, numPCs) on training data 𝑋𝑋𝑡𝑡𝑡𝑡
◦ Transform training and test:  𝑍𝑍𝑡𝑡𝑡𝑡 = 𝑔𝑔 𝑋𝑋𝑡𝑡𝑡𝑡 , 𝑍𝑍𝑡𝑡𝑡𝑡 = 𝑔𝑔 𝑋𝑋𝑡𝑡𝑡𝑡
◦ Fit classifier �𝑦𝑦 = 𝑓𝑓(𝑧𝑧) on transformed training data 𝑍𝑍𝑡𝑡𝑡𝑡 ,𝑦𝑦𝑡𝑡𝑡𝑡
◦ Predict classifier on transformed test data: �𝑦𝑦𝑡𝑡𝑡𝑡 = 𝑓𝑓(𝑍𝑍𝑡𝑡𝑡𝑡)
◦ Score (e.g. error rate / MSE) on test data:  𝜖𝜖 = 1

𝑁𝑁
#{ �𝑦𝑦𝑡𝑡𝑡𝑡𝑖𝑖 ≠ 𝑦𝑦𝑡𝑡𝑡𝑡𝑖𝑖 }

Select the parameters with lowest score 
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Example:  SVM classification with PCAs
Parameters to search
◦ Number of PCs and gamma

Fit on the training data.  
◦ This is in the loop! 

Transform the data

Fit classifier on transformed training data

Test on the transformed test data

Score on test data
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Example:  Parameter Search
Search over:
◦ Number of PCs ∈ 25,50,75,100,200
◦ 𝛾𝛾 ∈ {0.001,0.004, 0.01, 0.1}

Plotted is the test accuracy

Best test accuracy ≈ 85%
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Examples
Correct images
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Outline
Dimensionality reduction

Principal components and directions of variance

Approximation with PCs

Computing PCs via the SVD

Face example in python

Training models from PCs

Low rank approximations and recommender systems
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Low-Rank Approximations
SVD can be used for a low-rank approximation

SVD can be written:  𝑿𝑿 = 𝐔𝐔𝚺𝚺𝐕𝐕𝑇𝑇 = ∑𝑗𝑗=1𝑟𝑟 𝛼𝛼𝑗𝑗𝒖𝒖𝑗𝑗𝒗𝒗𝑗𝑗𝑇𝑇

Consider 𝑘𝑘 −term approximation: 𝑿𝑿𝒌𝒌 = ∑𝑗𝑗=1𝑘𝑘 𝛼𝛼𝑗𝑗𝒖𝒖𝑗𝑗𝒗𝒗𝑗𝑗𝑇𝑇

Properties:
◦ 𝑿𝑿𝑘𝑘 is rank 𝑘𝑘
◦ 𝑿𝑿𝑘𝑘 = 𝑼𝑼𝒌𝒌𝚺𝚺𝒌𝒌𝑽𝑽𝒌𝒌𝑻𝑻

◦ Error is 𝑋𝑋 − 𝑋𝑋𝑘𝑘 𝐹𝐹
2 = ∑𝑖𝑖 ∑𝑗𝑗 𝑋𝑋𝑖𝑖𝑖𝑖 − 𝑋𝑋𝑘𝑘,𝑖𝑖𝑖𝑖

2 = ∑𝑗𝑗=𝑘𝑘+1𝑟𝑟 𝛼𝛼𝑗𝑗2

◦ If 𝑠𝑠𝑘𝑘+1, … , 𝑠𝑠𝑟𝑟 is small then matrix is well approximated by rank 𝑘𝑘 matrix



Low-Rank Approximation Visualized

Can show:  Reconstructed matrix 𝑋𝑋𝑘𝑘 is optimal rank 𝑘𝑘 approximation 

Σ𝑘𝑘Uk Vk’

k X kN X k k X p

=

N X p

𝑿𝑿𝑘𝑘



Recommender Systems
How do you recommend a movie to a user?

MovieLens dataset:
◦ Get past ratings from users
◦ Make recommendations for future
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Ratings Matrix
Data can be represented as ratings matrix
◦ Users x movies

Problem: Most users have only rated a small fraction

Need to estimate unseen entries 
◦ Very sparse

How can we do complete this matrix
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Latent Factor Model for Ratings
Idea:  Ratings for movies dependent on small number of latent factors
◦ E.g. Action, famous actors, genre, …

Mathematically model as:

𝑅𝑅𝑖𝑖𝑖𝑖 ≈ �𝑅𝑅𝑖𝑖𝑖𝑖 = 𝑏𝑏𝑖𝑖𝑢𝑢 + 𝑏𝑏𝑗𝑗𝑚𝑚 + �
𝑘𝑘=1

𝐾𝐾

𝐴𝐴𝑖𝑖𝑖𝑖𝐵𝐵𝑗𝑗𝑗𝑗

◦ 𝑅𝑅𝑖𝑖𝑖𝑖 =Rating of movie 𝑗𝑗 by user 𝑖𝑖
◦ 𝑏𝑏𝑖𝑖𝑢𝑢 =Bias of user 𝑖𝑖
◦ 𝑏𝑏𝑗𝑗𝑚𝑚 =Bias of movie 𝑗𝑗
◦ 𝐾𝐾 = number of latent factors.  Typically small 𝐾𝐾 ≪ 𝑁𝑁𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 ,𝑁𝑁𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
◦ 𝐴𝐴𝑖𝑖𝑖𝑖 = Preference of user 𝑖𝑖 to factor 𝑘𝑘
◦ 𝐵𝐵𝑗𝑗𝑘𝑘 = Component of  factor 𝑘𝑘 in movie 𝑗𝑗
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More to be added
These slides are still under construction.  

More will be added on low rank approximations and embedding layers.
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