Unit 11
Principal Component
Analysis

EE-UY 4563 / EL-GY 6143: INTRODUCTION TO MACHINE LEARNING
PROF. SUNDEEP RANGAN




Learning Objectives

lidentify cases to use dimensionality reduction

dMathematically describe principal components representations of data
(JCompute principal components via SVDs

dCompute PC components in python

JAdd PCA transforms as a pre-processing step to classification and regression

dImplement low-rank transforms for recommender systems
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Outline

‘Why dimensionality reduction?

dPrincipal components and directions of variance

JApproximation with PCs
dComputing PCs via the SVD
dFace example in python
dTraining models from PCs

dLow rank approximations and recommender systems
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High-Dimensional Data

(dMany data sets have very high dimension

dTraining can be difficult
o Especially when number of samples is small
o Classifier needs many parameters

EEG

Ex: 32 channels x 1 kHz x 10s Face recognition with high-resolution images
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Problems with High-Dimensions

(dConsider face recognition

dinput is high-dimensional

o Esp. for high resolution image Classifier

Colin
) > rowell

JResulting classifier:
o Requires many parameters
o Difficult to train

° Needs many samples High-dim Complex,
o Computationally complex input difficult to train
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Dimensionality Reduction

High-dim Dimensionality

input Reduction

—

dDimensionality reduction:

Low-dim

Simple
Classifier

==

o Reduce the input dimension to lower dimensional representation

(dCan build simpler classifier

dLow-dimensional representational also good for:

o Visualizing data
o Clustering and other unsupervised tasks
o Finding underlying structure of the data
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Outline

dDimensionality reduction

‘Principal components and directions of variance

JApproximation with PCs

dComputing PCs via the SVD
dFace example in python
dTraining models from PCs

dLow rank approximations and recommender systems
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Data Definitions

UGiven data: x;,i=1,...,N
° Each sample has p features: x; = (x;q, ..., Xjp)
o Represent as an N X p matrix

dUnsupervised learning
o Samples do not have a label
o Or we choose to ignore the label for now

Dimension p is large

JHow do we reduce the dimension?
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Projections

(JPCA reduces dimensionality by “projecting” data to a lower dim subspace

dProjection: Given vectors zZ and v, the projection of Zz onto v is:

vz ||z

Z = Proj,,(z) = av, 104

o a = coefficient of the projection

dTheorem: Proj,(z) is closest pointin V to z:

A . 2
Z = aregmini||Zz — w
gWEVII I

o V = {av|a € R} = vectors on the line spanned by v
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Maximal Directional Variance

dGiven data: x;,i = 1, ..., N and direction v with ||v|| = 1
QLet z; = v! x; = coefficient of the projection of x; onto v

(dSample mean and variance in direction v is :

_ 1
o Sample mean z = " N1z

. 1 _
o Sample variance s? = ~ N (z; — 2)?

[ Problem: Find the direction v that maximizes the variance s? }

dWhy?
o Captures the most variation of the data
o Provides the best vector for dimensionality reduction
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Sample Covariance Matrix

_ 1
dSample mean of the data: X = = Y1, x;
N

dSample covariance matrix: Matrix Q with components:

Que = Z(xlk — 50 Cxie — )

o Covariance between feature k and £ in the dataset
o Matrixisp X p

dSample covariance is given by

0=3 Y (u-DE-D = XX

o X = data matrix with sample mean removed (rows: X; = x; — X )
o Compute sample covariance via a matrix product
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Sample Covariance and Directional Variance

QLet z; = v!x; = coefficient of the projection of x; onto v
Can compute the sample mean and variance of z; from X and Q

dSample mean of the coefficients:

1 N 1 N T T[l N ]
7 =— Z; = — V' X; =D —2 X;| =
Nzizl : NZ:l : NZLu—{"

dSample variance of the coefficients

52 NZ (2 — 72)* = Nzl 1<vT<xl—x>>2
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Maximizing Directional Variance

. . N . . 2 1 oN —~2 _ ..T
From previous slide: Directional variance sf = ~ ie1(zi—2) =v' Qv

A Maximizing directional variance can be formulated as an optimization problem:
maxv! Qv st ||v| =1
v

Let vy, ..., Up be the eigenvectors of Q : Qu; = 4;v;

Sort eigenvalues in descending order: 4; = 4, = -+ = 4,
o Can show that eigenvalues are real and non-negative

dTheorem: Any local maxima of the variance directional is an eigenvector
_ ; Ty —
° v = v; forsome j and v Qv = 4,
o Proof below
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Visualizing Principal Components

Principal components: The eigenvectors of Q, vy, ... ) Up
o Always normalized ||v]|| =1
° Sorted by eigenvalues Ay = 4, =2 -+ = 4,
o Each vector is of dimension p

JKey property: Vectors are orthogonal ol

o vjv = 0ifj # k

JRepresents directions of decreasing variance:
o p1: PC1 = Direction of max variance

o 5. PC 2 = Direction of second most variance

o pv3: PC 3 = Direction of third most variance

o
Y
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Proof PCs = Eigenvectors of

JPC constrained optimization problem:
maxvI Qv st ||[v||=1
(%

QDefine Lagrangian: L(v, 1) = v1Qv — A[||v]|? — 1]
At any local maxima:
dL

—=0=>Qv—-—Av=0
dv

dThis shows that v is an eigenvector of Q
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In-Class Exercise

Exercise 1

We begin by showing how to compute and visualize PCs manually on a simple 2-dim synthentic data set. First, run the following code to generate 100
samples of synthetic data. Each data point has d=2 dimensions.

M p=0.5
std = 8.2
= . 2,1 ]
s = np.array([2,1]) o .
d =2 &
ns = 188 125 A ..‘w
¥, »
U = np.random.normal(@,std,(ns,d)) 100 1 . ;. "
v = np.random.uniform(@,1,ns) 0.75 - . .
X=U4+ (v < p)[:,None]*s[None, : ] - 2
. e
0.25 a*
® o "i"
Create a scatter plot of the data of the two features of the data, X[:,8] and X[:,1] . 0.00 {—® Q‘ .
-
-0.25 1 .}‘
e o * .
—D'En T T T L] T
-0.5 0.0 0.5 10 15 20 25

((// TANDON SCHOOL
NYU | setscisss




Outline

dDimensionality reduction

dPrincipal components and directions of variance
‘Approximation with PCs

dComputing PCs via the SVD

dFace example in python

dTraining models from PCs

dLow rank approximations and recommender systems
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Low-Dimensional Representations

UGiven data x;,i = 1,...,N. Each x; € RP

dProblem: Find basis vectors vj,j = 1, ...,d such that:

d
X;=Xi=Xx+ z a;;v; Data, p dim
=1 i
> Sample mean + linear combination of basis vectors /

o a; = (ajq, ..., Ajq) is an approximate coordinates of x; in basis (v4, ..., Vg) / Y /
l

dDimensionality reduction: .
o If d < p we have represented v; with a smaller number of coefficients. 2p<2rox:jmat|on
p dim
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Orthonormal Sets and Bases

UDefinition: A set of vectors v4, ..., V4 are an orthonormal set if:

o

|vj|| = 1 forallj (unit length)

o vavk = 0if j # k (perpendicular to one another)

QMatrix form: IfV = [v; ...v4], then VIV =1,

difd = p then vy, ..., v, is called an orthonormal basis
o Vis an orthogonal matrix

dKey property: the PCs form an orthonormal basis
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Coefficients in an Orthonormal Basis

dSuppose vy, ..., Uy, is an orthonormal basis
JGiven a vector z, can write

— V. =T

j=1

o Simple expression for computing coefficients in an orthonormal basis

dMatrix form:
a=V"z z=Va
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Approximating the Data Matrix

UGivendatax;,i=1,...,N

dlet vy, ..., v, be the PCs

Find coefficient expansion of each data sample:

— — 2T eV
X = X + C(ijv]', aij = vj (xl- —.X')

p
=1

J
JApproximation with d coefficients:

d
521- =X+ z al-jvj
Jj=1
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Geometry of Approximations

JApproximation can be interpreted geometrically

Let V be set of all Iinegr combinations

a;vj

j=1
o I/'is a vector space

o Called the span of v4, ..., V4

X — X is the closest vectorinVto x — X
o Note the subtraction of the mean -~

Space spanned by vy, ..., v4
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Visualizing the Representation

Finds a low-dimensional representation

crtginial slals Apnacs

r-:-rn|1|1n!nl lpﬂrf

Fi. & &

Cre 3

a1

e e 1
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Example Calculation

dProblem:

1 1
°Letv1=— —

\/E [1,1,0], v2 - \/g

o Show v; and v, are orthogonal

[1,—1,2]

Solution:
o Ty, = %(12 +12 +02)
o viv, = %(12 + (—1)*+2%) =1
1
o viv, = W(m) +1(-1)+0(2)) =0
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Example Calculation Continued

dProblem:

o Let V1 =

\/—15 [1,1,0], v, = % [1,—1,2] be two PCs

o Let X = [0,1,2] be the mean of the data
o Find the approximation of x = [2,4,4] with the two PCs

Solution:
o Subtract mean: x —x = [2,3,2]
o Coeffon PCl: a; = vi(x —X) = [2 +3+0] = %
o Coeffon PC2: a, = vi(x —X%) = \/3[2 — 3 + 4] :%

o Approximation:X = X + Z?zl ajv; =[0,1,2] + g [1,1,0] + % [1,—1,2] = [3,3, 3]
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Average Approximation Error

ULet X; = approximation with d PCs

dError in sample i:

14
X —ir\l- = z al-jvj
j=d+1
dTheorem: Average error with a d ch\:/ approximation is:
p
1 = 112
=Yl -xil = YA
i=1 j=d+1

o Sum of the smallest p — d eigenvalues
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Proportion of Variance (PoV)

(JTotal variance of data set:

1w i . Example
=l —EP =) 4
i=1 j=1 PC 2, | Pov(d)
JAverage apprOX|mat|on error: index --

, 1 10 10/14.3= 0.70
zllx‘ —xll® = z 2 4 14/14.3~ 0.98
j=d+1
0 _ _ _ q _ 3 0.2 14.2/14.3= 0.99
The proportion of variance explalra}ed;.y PCs is: 4 01 S AnE= ]
PoV(d) = 22—
Z] 1 J

o Measure of approximation error in using d PCs
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Latent Representations

Each record is of the form: x; = x + Zj-lzl a;jvj

Variance in x; explained by small number of “latent components”
o Coefficients a;; are the latent representations of x;

dExample:
o x; = list of movie preferences for customer i

o Movie preferences are highly correlated.

o Could be explained by small number of components (action, romance, presence of stars, ...)
o PCA can be used to find these out
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Example: USArrests

-0.5 0.0 0.5 . . .
| | | Arrests per capita in four categories
M — UrbanP
e > One record per US state
. dVisualize PCA in a biplot
) 3 o See the scores (i.e. coefficients of each state)
Hh@ﬂ‘&%&umus dsw Jersdy California
_— N . o Loading (PC vectors)
g - Washujgton CorlferElc_lgc‘%liél o
g‘ Wiscolimesota pennsylvania Ohgregg’; ”””.Diéhl:iape
5] Texah
% ) Nebraskganﬁ'ﬁiﬂﬁg%.}mf__Mi-s'sgun--" Michigan o .
% o — New Ha%gh”em X ngla Now Mexico Florida|~ o EIF|g from |SL 10.1
a Maine Wyoming ..---_-"'""---.._,[\_A!aryland
E rth Dakota Montana - Assault
8 South Dakota Tenr;é‘sﬁebouisiana
é T Kemucw.-’-\rkansas Alabam;‘f‘i Alaska
Georgia
VermontWest Virginia Murder
o - South Carolina T
Morth Carolina
Mississippi

First Principal Component




In-Class Exercise

Exercise 2: Computing the Approximation Error

We now verify the approximation errors. Foreach k :

s Compute Xhat the PC approximation of X using k PC coefficients
» Compute the approximation error, err[k] the average error 1/ns sum_{ij} (X[i,7]-Xhat[i,j])**2)
« Compute the expected approximation error, err_pred[k] the expected approximation error based on the eigenvalues lam

Remember you will need to sort the eigenvalues in descending order. You can use the command

I = np.argsort(lam)[::-1]
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Outline

dDimensionality reduction

dPrincipal components and directions of variance
JApproximation with PCs
‘Computing PCs via the SVD
dFace example in python
dTraining models from PCs

dLow rank approximations and recommender systems
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Singular Value Decomposition

ASVD: Powerful method in linear algebra

Given a matrix A:
o Decomposes the matrix into a product: 4 = USVT . !
° Provides orthonormal bases of the input and output spaces
o Multiplication of A is equivalent to scaling in that basis

X 02
N
dFor PC.A.: AU
o |dentifies low rank subspaces for data

o Computes coefficients in that subspace
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Singular Value Decomposition Defined

QGiven matrix A € Fnx4
o For PCA, this will be a scaled version of the data matrix

AdSVDis A = UXVT, where
o U € F™", columns are orthonormal

o V € F4*" columns are orthonormal
o ¥ = diag(sy,...,Sy), sorteds; =s, =>+->5.2>0.
Called the singular values

[¢]

JAIl matrices have an SVD
o Matrices do not have to be square.

UNumber of singular values r < min(n, d)
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Economy vs. Full SVD

QSuppose 4 € R™¢ with rank r < min{n, d}
dTwo types of SVDs

dEconomy SVD: A = USV*
o J € F™7, columns are orthonormal

o V € F¥" columns are orthonormal
o ¥ € F"*" diagonal £ = diag(sy, ..., S;),

Full SVD: A = USV*

o J € F™™ columns are an orthonormal basis of R™
o |/ E IFdXd, columns are an orthonormal basis of R4

o ¥ € F™*? with diagonal upper left £ = [g 8]
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SVD Visualized

dPink matrices represent “economy” SVD 5 pT
Blue represent “full SVD” rXrT rXd
A - P
n xXd nxr
U )Y e

nxd nxd dxd

Tall Diagonal Fat
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B 100 0 2
dLlet 4 = 00 3 0 0
0000 0
0200 0
Then can check that A = UXV*
0
00 1 0 20 0 0 0
uo |01 i 5_ |08 0 0 v = | o2
00 0 -1 00 5 0 0
100 0 00 0 0 _ 038

o Also verify that UU™ = Is and V™ = I
o This can be found by (cleverly) permute the rows of A
o But, in general, use a computer to compute SVD
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OF ENGINEERING

0

0

= o O =




Geometric Interpretation

let A = UZV* andy = Ax

dConsider a transformed space X y

o w =V"x = [wy,..,wy]| coefficients in input basis V = [v4, ..., vy]

o z=U"Y =z, ..., Zy]: coefficients in output basis U = [u, ..., uy]| > A 02\4
dThen: z = Xwso z; = o;w; N
UEach input direction v; is mapped to o;u; jv* v
dConsequence: . -

2

o SVD finds orthonormal bases U, V such that \ - <SSO

matrix A is a linear scaling in each basis vector
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Example Problem

QSuppose that A = UXV* € R3** with X = diag(3,0.2,0,0)

dif x = 2v; + 3v, + 4v; + 5v, find y = Ax in terms of basis uq, u,, us

(JSolution:
o A'Ui = o;Uu; forall i
o Therefore,
y = Ax = 2Av, + 3Av, + 4Av; + 5Av,

— 6u1 + 0.6 u,
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Computing the SVD in Python

DRandom matrix # Create some random matrix
A = np.random.normal(@,1,(106,10))

dFull SVD # Full sVD A, shape = (1ee, 18)
U,s,Vtr = np.linalg.svd(A) U.shape = (160, 100)
s.shape = (18,)
Vtr.shape = (18, 1@)
Economy SVD o Eem S _ U.shape = (108, 10)
U,s,Vtr = np.linalg.svd(A, full matrices=False) s.shape = (18,)
Vtr.shape = (1@, 18)

JReconstruction:
# Recovers back ﬂ|

Ahat = (U*s[Neone,:]).dot(Vtr)
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Computing the PCA via SVD

1
N

dTake SVD: 4 = UXVT

OLet A = — X = scaled data matrix with sample mean removed.

2|

dProperties:
o Sample covariance matrix is Q = %XTX = ATA = vUTUZVT = vz2yT
o Eigenvalues of Q = squared singular values of A
° PCs are v;, columns of V

o Coefficients are Z = XV = VNAV = J/NUX

(dHence, SVD provides PCs, eigenvalues coefficients Z in the PCA representation.
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In-Class Exercise

Exercise 3: Computing the PCA via the SVD

» Compute the matrix 4 = 1/np.sgrt(ns)*Xm
* Compute the economy SVD of A with the np.linalg.svd() command. Use full matrices=False option. Print the dimensions of the components
of the SVD
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Outline

dDimensionality reduction

dPrincipal components and directions of variance
JApproximation with PCs
dComputing PCs via the SVD
‘Face recognition using PCA in python
dTraining models from PCs

dLow rank approximations and recommender systems
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Example: Face Recognition

Face recognition challenges:
o Face images can be high-dimensional
o We will use 50 x 37 = 1850 pixels

UApplying PCA:
o Should be few degrees of freedom
o Can transform to lower dimensional representations

(Data Labelled Faces in the Wild project
o http://vis-www.cs.umass.edu/Ifw

Labeled Faces in the Wild Home

o Large collection of faces (13000 images)
o Taken from web articles about 20 years ago

@l NYU | SFeiGinerine



http://vis-www.cs.umass.edu/lfw

Loading the Data

Image size 50 x 37 = 1858 pixels

LBuilt-in routines to load data is sciket-learn Number faces = 1288
. . . _ Number classes = 7
(dCan take several minutes the first time (Be patier
from sklearn.datasets import fetch_ lfw people
1fu_people = fetch_l1fw people(min_faces per person=78, resize=08.4)
2016-11-14 14:15:3@,862 Downloading LFW metadata: http://vis-www.cs.umass.edu/lfw/pairsDevTrain.txt
2016-11-14 14:15:30,958 Downloading LFW metadata: http://vis-www.cs.umass.edu/lfw/pairsDevTest. txt
2016-11-14 14:15:31,028 Downloading LFW metadata: http://vis-www.cs.umass.edu/lfw/pairs.txt
2016-11-14 14:15:31,294 Downloading LFW data (~208MB): http://vis-www.cs.umass.edu/lfw/lfw-funneled.tgz

2816-11-14 14:28:1@,856 Decompressing the data archive to C:\Users‘\Sundeep‘scikit learn_data‘lfw home’lfw funneled
2016-11-14 14:22:88,685 Loading LFW people faces from C:%\Users\5undeep'scikit learn_data‘\lfw home

2016-11-14 14:22:89,735 Loading face #080881 / @1288

2016-11-14 14:22:13,648 Leoading face #01881 / 81288
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Plotting the Data

(dSome example faces

dYou may be too young to remember them all
def plt_face(x):
h = 58
w = 37
plt.imshow(x.reshape((h, w)), cmap=plt.cm.gray)
plt.xticks([])
plt.yticks([])

Colin Powell Colin Powell

Hugo Chavez George W Bush

I = np.random.permutation(n_samples)
plt.figure(figsize=(10,208))
nplt = 4,
for i in range(nplt):
ind = I[i]
plt.subplot(l,nplt,i+l)
plt face(X[ind])
plt.title(target names[y[ind]])
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Computing the PCA

dManually compute the PCs with SVD

npix = h*w
F o Remove the mean

Xmean = np.mean(X,@) .
Xs = X - Xmean[MNone,:] ° Use broadcasting

U,s,Vtr = np.linalg.svd(Xs, full matrices=False) «— Compute the SVD

(dUse sklearn builtin PCA function
o Construct a PCA object

from sklearn.decomposition import PCA

# Construct the PCA object
pca = PCA{n_components=ncomp,

svd_solver="randomized", whiten=True) o Call fit: Computes mean and PC components

# Fit the PCA components on_the o Stores values internally in the pca class

pca.Tit(X)
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Finding the PoV

! ; ! ! ! 5 (dMost variance explained in about
' : 400 components

(JSome reduction

PoV

%2

0.4f---reenee ------------ ------------ ------------ assanennnen, ------------ — lam
' ' np.cumsum{lam)/np.sum(lam)

Pol

02 b SRR e SR SR e e
: : : | 3 3 plt.plot(PoV)

. | plt.grid()
>% 200 400 600 800 1000 1200 plt.axis([1,n_samples,8, 1.1])

Number of PCs plt.xlabel( Number of PCs', fontsize=16)
plt.ylabel( PoV', fontsize=16)
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Plotting Approximations

nplt = 2 # number of faces to plot
ds = [@,5,10,28,188] # number of SVD approximations
#

use_pca = True # True=Use sklearn reconstruction, else use 5WD

# Loop over figures
iplt = @
for ind in inds:
for d in ds:
plt.subplot(nplt,nd+1,iplt+1)
if use_pea:
# Zero out coefficients after d. . .
# :::'G-:L'E, .-;.; nzz:' t; Espi :o iot overwrite the coefficients DReconStrUCtlon US|ng Sklea rn methOd
Zd = np.copy({Z[ind,:]) .
zd[d:] = © / o Uses the inverse_transform method

xhati = pca.inverse_transform{Zd)
else:

# Reconstruct with SVD

Xhati = (U[ind,:d]*S[None, :d]).dot(Vtr[:d,:]) + Xmean ~1~\§\§§\§\\\§\§‘\\§\
plt_face(Xhati)

S (Reconstruction using SVD
iplt += 1 o Note use of broadcasting

# Plot the true face
plt.subplot(nplt,nd+1,iplt+1)
plt_face(X[ind,:])

plt.title( Full")

inl+ a— 1
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Plotting the Approximations

11
143

d=100




Plotting the PCs

dThe PCs can be plotted as well




State-of-the-Art: Auto-Encoders

PCA is a simple example of an autoencoder

dTries to find low-dim representation
JRestricted to linear transforms

dNot very good for images and complex data

a=VTx P X=Va
X a X
High-dim Low-dim Approximation
object representation
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Deep Auto-Encoders

(JCan use deep networks for learning complex latent representations and their inverses
o http://www.cc.gatech.edu/~hays/7476/projects/Avery Wenchen/

o https://swarbrickjones.wordpress.com/2016/01/13/enhancing-images-using-deep-convolutional-
generative-adversarial-networks-dcgans/ (Code in Theano not tensorflow)

MSE + BCE

PR -

Depth: 3 Depth: 256 Depth: 256 Depth: 512 Depth: 1024 Depth: 512 Depth: 256 Depth: 256 Depth: 128
Whdth: 128 Width: 64 Width: 32 Width: 16  Widih: 8 Width: 16  Width: 32 Width: 64 Wadth: 128
Height: 160 Height: 80 Height: 40 Height: 20 Height: 10 Height: 20 Height: 40 Height: B0 Height: 160
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http://www.cc.gatech.edu/%7Ehays/7476/projects/Avery_Wenchen/
https://swarbrickjones.wordpress.com/2016/01/13/enhancing-images-using-deep-convolutional-generative-adversarial-networks-dcgans/

Outline

dDimensionality reduction

dPrincipal components and directions of variance
JApproximation with PCs

dComputing PCs via the SVD

dFace example in python

‘Training models from PCs

dLow rank approximations and recommender systems
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Classification Using PCs

\ 4

[ [
Ll >

Z
- PCA Low-dim Classifier

Original x transform (e.g. ~50)

High-dim

(e.g. 1850)

dMany problems: Dimensionality of data x is too large
o Classifier in original space will have too many parameters

Key idea:
o Learn a dimension reducing transform via PCA: z = f(x)

o Train classifier on low-dim transform y = g(z)

@ TANDON SCHOOL
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Why This Would Work?

PCA works if:
classes are separable in transformed domain

MNIST Dataset reduced to 2 Components using PCA

JExample to right:
o MNIST digits plotted in two PCs
o Can mostly separate the classses

Component 2
°

-5 -4 -3 -2 -1 o ] 2 3
Component 1
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Training and Testing

USplit data in training and test: X;p., Vi, Xts) Vis

LFit PCA transform on Z = g(X) on training data X¢,
° Do not include test data in PCA fit!
o Many students make this mistake.

dTransform training and test:
° Ztr = 9Xer)s Zis = g(Xis)

QFit classifier ¥ = f(z) on transformed training data (Z;,, V¢r)

LPredict classifier on transformed test data: y;; = f(Zs5)

(dScore error rate / MSE on test data: € = %#{37{:5 + y,fs}

@ TANDON SCHOOL
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Cross-Validation

To find number of PCs and other parameters use cross-validation
LSplit data in training and test: X;,., Vi, Xts) Vis

(dFor each set of parameters:
o Fit PCA transform on Z = g (X, numPCs) on training data X,

o

Transform training and test: Z;,. = g(X¢), Zis = 9(X¢s)

o

Fit classifier ¥ = f(z) on transformed training data (Z;,, V¢r)

o

Predict classifier on transformed test data: ;s = f(Z;s)

[¢]

Score (e.g. error rate / MSE) on test data: € = %#{yg’s + vk}

(Select the parameters with lowest score

TANDON SCHOOL
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Example: SVM classification with PCAs

npc_test = [25,58,75,108,200]
gam_test = [1le-3,4e-3,1e-2,12-1] _
C = 188 h
n@ = len{npc_test)

nl = len{gam_test)
acc = np.zeros((n@,nl))
acc_max = @

for i®, npc in enumerate(npc_test):
# Fit PCA on the training data
pca = PCA(n_components=npc, svd_solver='randomized', whiten=True)

peca. Fit{Xtr)

# Transform the training and test

Ztr = pca.transform{Xtr) _
Zts = pca.transform{Xts)

For i1, gam in enumerate(gam test):

# Fiting on the transformed troining data

swe = SVC(C=c, kernel="rbf", gamma = gam) <
svc.fit(Ztr, ytr)

# Predict on the test data

yhat = svc.predict(Zts) <€

# Compute the accuracy
acc[i@,il] = np.mean(yhat == yts)
print('npc=%d gam=%12.4e acc=%12.4e' % (npc,gam,acc[id,il])})

TANDON SCHOOL
OF ENGINEERING

(dParameters to search
o Number of PCs and gamma

._—— UFit on the training data.

o Thisis in the loop!

Transform the data

Fit classifier on transformed training data

Test on the transformed test data

. —————NScore on test data



Example: Parameter Search

dSearch over: Test Accuracy
o Number of PCs € {25,50,75,100,200}
> y € {0.001,0.004, 0.01, 0.1} 25 08
v 20 0.7
. E 75
dPlotted is the test accuracy el 0.6

100

200

~ 0 0.001 0.004 0.01 0.1
(dBest test accuracy = 85% o
Optimal num PCs = 75
Optimal gamma = ©.810088
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Examples

dCorrect images dError images

George W Bush George W Bush

Tony Blair George W Bush

George W Bush George W Bush

Original Reduced Original Reduced
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Outline

dDimensionality reduction

dPrincipal components and directions of variance
JApproximation with PCs

dComputing PCs via the SVD

dFace example in python

dTraining models from PCs

‘Low rank approximations and recommender systems

@ TANDON SCHOOL
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Low-Rank Approximations

(ASVD can be used for a low-rank approximation

SVD can be written: X = UXVT = }7:1 “jujv]T

Consider k —term approximation: X, = 9‘:1 ajujv-T

dProperties:
o X isrank k

o X, = UZ Vi

: 2
o Erroris ||X — Xg||2 = Zizj(Xij — Xk,l-j) = Yizk+1 ocjz
° If Sg41, ..., Sy is small then matrix is well approximated by rank k matrix

@ TANDON SCHOOL
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Low-Rank Approximation Visualized

: I
Xk Uk Zk ka

NXp NXk k Xk kXp

Can show: Reconstructed matrix X}, is optimal rank k approximation

ANYU | Zeaisios



Recommender Systems

(JHow do you recommend a movie to a user?

(dMovielLens dataset:
o Get past ratings from users

o Make recommendations for future Recommended For You LR
BO BURNHAM Bo Burnham: Words, Words,
Words (TV Special 2010
iy vir iy o ol Wi ol o 8.2
The internet (and soon to be movie,
t [Q] TV, radio, etc.) phenomenon, Bo
- il itl Burnham, brings you his first one-
movie title genres hour stand-up special "Bo Burnham:
0 1 Toy Story (1995)  Adventurs]Animation|Children|Comedy|Fantasy ii”ard?és“"‘frgj;t";frds DI Shc e
1 2 Jumaniji {1995} Adventure|Children|Fantasy WORDS WORDS WORDS
2 3 Grumpier Old Men {1995) Comedy|Romance Add to Watchlist |
3 4 Waifing to Exhale {19935) Comedy|Drama| Romance cop Next » e e R
4 5 Father of the Bride Part Il (1995) Comedy et L Hbms: Ho iyl
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Ratings Matrix

(dData can be represented as ratings matrix
o Users x movies

dProblem: Most users have only rated a small fraction

LINeed to estimate unseen entries
o Very sparse

(JHow can we do complete this matrix

Name Dates Users Movies Ratings  Density
ML Latest '95-"16 247,753 34,208 22,884,377 0.003%
ML Latest : o

Small 96 - 16 668 10,329 105,339 0.015%

TANDON SCHOOL
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Movies




Latent Factor Model for Ratings

idea: Ratings for movies dependent on small number of latent factors
o E.g. Action, famous actors, genre, ...

dMathematically model as:

K
Rij =~ R\l] — b;u + b]m + Z AikBjk
k=1

(o]

R;; =Rating of movie j by user i

[¢]

b;* =Bias of user i
b/" =Bias of movie j

o

o

K = number of latent factors. Typically small K < Ny ser» Nmovies
A = Preference of user i to factor k
Bj, = Component of factor k in movie j

o

o
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More to be added

These slides are still under construction.

dMore will be added on low rank approximations and embedding layers.
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