Lecture 11

Principal Component
Analysis

EE-UY 4563 / EL-GY 9123: INTRODUCTION TO MACHINE LEARNING

PROF. SUNDEEP RANGAN, WITH MODIFICATION BY YAO WANG AND
YUAN WANG




Goal: find a “good ” representation

representation
data — ) —,> task
(nuisances)

Sufficient (for the task): I(data; task) = [(representation; task)
dMinimal (information): I(data; representation) is minimal

Invariant (to nuisances): I(nuisances; task) = 0
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Goal: find a “good ” representation

JExample task: identify Jon Snow in images.

.',‘ -

kf‘

v 3

—

Images from the Internet
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Goal: find a “good ” representation

JExample task: identify Jon Snow in images.

y S
> Sufficient
» Minimal
> Invariant
0O Linear classifier
> X
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Goal: find a “good ” representation

JToday we focus on the simplest linear case:

sample coefficient Dictionary / bases
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Goal: find a “good ” representation

JToday we focus on the simplest linear case:

~ V>
= Blaas e

U3

Uy
sample coefficient Dictionary / bases
p(%) p(a) V(p)
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Goal: find a “good ” representation

JToday we focus on the simplest linear case:

Data(many samples in rows) coefficients Dictionary / bases

W TANDON SCHOOL
NYU OF ENGINEERING



Goal: find a “good ” representation

JToday we focus on the simplest linear case:

JWanted properties:

o X = aV
*atobe short. _ argmin min E(||X — aV||,)
* v to be typical patterns of X v a

o (¢ is easy to compute
e = xuV—ln
ca=xVT VT =]

sstVVI =] lal=d<|¥| =p

~ L)
- BAo X
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Goal: find a “good ” representation

JToday we focus on the simplest linear case:

JWanted properties: L
- X = aV argmin m/%n”X —Av|| .
o a to be short T
e v to be typical patterns of X s.t. I{V =1
o o is easy to compute X eRVN*P, A € RV*4 V € R¥*P,d < p
ca = xuV—ln
ca=xVT VT =]

W TANDON SCHOOL
NYU | Zroonsstoo



Outline

‘Dimensionality reduction

Principal components and directions of variance (a geometric perspective)

dComputing PCs via the SVD
dApproximation with PCs
dFace example in python

L Extensions
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Dimensionality Reduction

dMany modern data sets have very high dimension

dWant to reduce dimension:
o The Curse of Dimensionality (task “difficulty” ~ exp(d))
o Visualize data
° Find underlying commonalities in data
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Outline

Dimensionality reduction

‘Principal components and directions of variance (a geometric perspective)
dComputing PCs via the SVD

dApproximation with PCs
dFace example in python

L Extensions
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Data Definitions

x is a random variable x = [xl,xz, ...,xp]
Data points {x{, X5, ..., Xy } are independent & random samples drawn from a distribution
(Data can be represented as an NXp matrix X

1 No label: unsupervised learning

] X is a demeaned version of x
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Simple properties of x

[ X is a demeaned version of x

O Expectation u:
cu=E®X) =Ex —x)=Ex)—EX) =0 0

( Covariance :
]E ..........................................
o % = cov(®) = E(&— )" (X — ) = E@E'%) (xiery) : i
° X _211’\[ 1%11 _XTX Q
| Sample covariance 74
Simple manipulation %Zgzlxnkxn]
—_ %Xk ° X]
Sampling approximation: . )
E(f () = [ p()f ()dx ~ = Znf (xn)

Here f(X) =%'X
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Geometric intuition

20.0
17.51 JHow to find the new coordinate system?
15.0 A . .
dHow specify a axis?
12.5 o 2 points in the space in general
10.0 - o 1 point with common start point
7.5 - o Data mean serves a good candidate
5.0 A
2.5 4
o)
0.0 > X
-10 —I5 (I) EI'J 1I0 1I5 20
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Geometric intuition

10.0

(dDemean, so that the origin is O.
7.5 1

X dWhat is the key property of the new axis?

5.0 1

2.5

0.0 1

v
x

-2.51

_5'0 4

=7.5 1

-10.0 T T T
-100 -75 =50 -25 0.0 25 5.0 1.5 10.0

NYU | sraiisos s




Geometric intuition

10.0
v 4 (dDemean, so that the origin is O.
751
y dWhat is the key property of the new axis?
2.5 » For a fixed v, chose a to approximate X with X = av
XxX=Xx+e
0.01 > (X
0 > The approximation error ||e||? is minimized when e L v:
251 llell* = (lI%]| sin 8)?
5ol 1Z11? = (||%]| cos 6)?
lell* + [1%]1* = [1%]|?
~127 > Minimizing ||e||? is equivalent to maximizing ||%]|?
~10.0 ; ; ; : : ; ; mglx ECIZ[1%)
-100 -75 =50 -25 00 25 50 75 100
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Geometric intuition

10.0
v 1 (dDemean, so that the origin is 0.
7.5
S0 dWhat is the key property of the new axis?
-~ max E(||x]|%)
' v
= max E((/|%]| cos(6))?) *X = Proj, (%) = [|%|| cos(8) xﬂ
0.0 1 > |X
2 ~ ~
N o — max & ((” ) ) % = [ollE] cos(8) -
| 1%l cos(6) = =
5o = max E((®-v)?) || ||
s.t.|lv|]l=1 If |v|| = 1, [|%|| cos(8) =x-v
-7.5 1
_10-0 T T T T T T T
-10.0 =75 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0
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Geometric intuition

10.0
v 4 (dDemean, so that the origin is O.

75

y dWhat is the key property of the new axis?

55 max ]E((?c’ 7 )2) s.t.v]| =1

0.0- > |X

O ~

251 var(X - v) Minimizing approximation error

5ol = (('5[' v —E®- v))z) is equivalent to
' _ ) maximizing directional variance

75 =E((®-v)?) (coordinate variance long a direction).
-10.0

-100 -75 =50 =25 0.0 2.5 5.0 1.5 10.0
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Geometric intuition

10.0
v 4 (dDemean, so that the origin is 0.
751
dWhat is the key property of the new axis?
5.0
maxE((%-v)?)s.t.|v]| =1
237 v (( ) ) Il Q is the sample covariance
~ |
0.0- > |x = max E((®v")?) Q=—X"T%X
o) Y N
=251 = max E((xv")Txv")
v
=01 T T
= max E(vXx" xv")
s v Directional variance can be
' = max vE(Z'%) v7 calculated from the sample
~10.0 . . . . . . . v covariance.
-100 -75 =50 =25 0.0 2.5 5.0 1.5 10.0 ~ max vaT St ”v” -1
v
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Optimization

max,vQv’ s.t.||v|] =1

(dldea: shrink the solution set of v to a few candidates and then exhaustive search

UTheorem: any local maxima of the directional variance is an eigenvector of Q
° Let vq, ..., v, (column vectors) be the eigenvectors of Q : Qv; = 4;v;

> Sort eigenvalues in descending order: A; =1, =--- =24, =0

o Can show that eigenvalues are real and non-negative
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Optimization

Lagrange multiplier

For an constrained problem: max f(v) s.t. g(w) =0
v

Build the Lagrange function: L(v,1) = f(v) + Ag(v)

(For any optimal v* for the original problem, there exists a A* such that (v*, 1%) is a stationary point
for the Lagrange function

O Thus, the method of Lagrange multipliers yields a necessary condition for optimal point for the
original constrained problem.
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Optimization

QFor our constrained problem: maxvQv! st ||[v|| =1
v

QLagrange function: L(v, 1) = vQv’ + A(vv! — 1)

Find the stationary point of the Lagrange function:

dL

— =2vQ0 +2Av =0

ov
- vQ = —Av
STy = A7
- Qv = -’

Any local maxima of the variance directional is an eigenvector
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Optimization

NYU

The candidate set of v is the eigenvectors of Q: {vl, e vp}

. T .
The corresponding cost value v" Qu: {/11, e Ap}
(I Note from here onwards v represent column vectors
dSince 4 = A, = - = 4,
Qv is the solution for the problem max, v Qv s.t.||v| =1

L After removing all variance explained by vy, find the next max
variance direction.

TANDON SCHOOL
OF ENGINEERING

viQu=vilv=wTv=21

10.0

7.54

5.0 1

2.5

0.0

=254

-5.01

-7.54

-10.0

v

-100 -75

-5.0

=25 0.0

2.5

1.5 10.0
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Principal Components

Principal components: The eigenvectors of Q, v4, ..., 2%
Sorted by eigenvalues Ay = 4; = -+ =4, =0
Each vector is of dimension p

(dRepresents directions of maximal variance

NYU
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Principal Components

dKey properties of Q
° Symmetric: Q;; = Qj;
o Eigenvalues are real and non-negative

Key properties of PCs (here v; are row vectors)
o vy =1ifj =k
o vvp =0ifj £k
o VYT =1
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Outline

Dimensionality reduction

Principal components and directions of variance (a geometric perspective)
‘Computing PCs via the SVD

dApproximation with PCs

dFace example in python

L Extensions
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NYU

Computing PCs via the SVD

SVD provides a numerically more stable way to

calculate PCs

TANDON SCHOOL
OF ENGINEERING

1

=NVSTUTUSVT

_ ., STs
_)QV_VT

»Singular-Value Decomposition (SVD)
VvMeC™" 3r U,S,V so that

M =UsvT
Uec™, Uty =1
S € C™" is a diagonal matrix
Vecwr,viv =1
r < min(m, n) (Rank of the matrix)

> X=USsvT
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Computing PCs via the SVD

SVD provides a numerically more stable way to
calculate PCs

QV = Vﬁ or Qv; = Sggsii V;
N l N !
QRows of VT are eigenvectors of Q, e.g. PCs »Singular-Value Decomposition (SVD)
. VMeC™"3r U,S,V sothat
EI% are the eigenvalues (real and nonnegative) M =USsv"

UeC™", Uty =1

S € C™ is adiagonal matrix
Vec™,viv =1

r < min(m, n) (Rank of the matrix)

> X =USvT
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Outline

Dimensionality reduction

Principal components and directions of variance (a geometric perspective)
dComputing PCs via the SVD

‘Approximation with PCs
dFace example in python

L Extensions
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Average Approximation Error

dGivendataX;,i =1,..,N

HLet vy, ..., Up be the PCs

Find coefficient expansion of each data sample:

D
[ Il iy — Yjt

j=1

NYU
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NYU

Average Approximation Error

Error in sample i: ;

X;i — X = z C(ijv]'

j=d+1

dTheorem: Average error with a d PC approximation |s
anl 12 = z

o Sum of the smallest p — d eigenvalues

TANDON SCHOOL
OF ENGINEERING
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Proportion of Variance (PoV)

: ION 12 — vP
Total variance of data set: . =1 1%; 17 = Zj=1’1j

JAverage approximation error:% X — %% = ?:d+1/1j
dThe proportion of variance explained by d PCs is: ;
=14
PoV(d) = =5~
z:j:1’11'

o Measure of approximation error in using d PCs

JExample: Suppose eigenvalues of sample covariance matrix are 10,4,0.2,0.1,0,0, ...
o What is the PoV ford = 1,2,3, ...

NY
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Visualizing the Representation

Finds a low-dimensional representation

arfiginal data space

companent space

v R —
= |
[
” P x
= -
L) .. -
Cj ¢
:‘o
- '
A
PC
Sere 2 Gene 1
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Geometry of Approximations

JApproximation can be interpreted geometrically

dLet V be set of all Iinegr combinations

2.

j=1
o I/'is a vector space
o Called the span of v, ..., V4

AGiven z, Z is the closest vectorin V to z

(JCalled the projection of z onto V

Space spanned by v4, ..., Vg4
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Outline

Dimensionality reduction

Principal components and directions of variance (a geometric perspective)
dComputing PCs via the SVD
dApproximation with PCs

‘IFace example in python

L Extensions
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Example: Faces

Face images can be high-dimensional
o We will use 50 x 37 = 1850 pixels

Labeled Faces in the Wild Home

dBut, there may be few degrees of freedom

,,!:1

e E¥
3 o S22
o

Az

dCan we reduce the dimensionality of this?

-

ol
L) [

(Data Labelled Faces in the Wild project
o http://vis-www.cs.umass.edu/Ifw

x‘;‘i.
u
1

e

Wa

W
&
l"—h

wu

o Large collection of faces (13000 images)
o Taken from web articles about 10 years ago
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http://vis-www.cs.umass.edu/lfw

Loading the Data

50 x 37 = 1850 pixels
1288
7

Image size
JBuilt-in routines to load data is sciket-learn Number faces
Number classes

(dCan take several minutes the first time (Be patier

from sklearn.datasets import fetch_lfw_people
1fw_people = fetch_lfw_people(min_faces_per_person=70, resize=0.4)

2016-11-14 14:15:30,862 Downloading LFW metadata: http://vis-www.cs.umass.edu/lfw/pairsDevTrain.txt

2016-11-14 14:15:30,958 Downloading LFW metadata: http://vis-www.cs.umass.edu/lfw/pairsDevTest.txt

2016-11-14 14:15:31,028 Downloading LFW metadata: http://vis-www.cs.umass.edu/lfw/pairs.txt

2016-11-14 14:15:31,294 Downloading LFW data (~200MB): http://vis-www.cs.umass.edu/lfw/lfw-funneled.tgz
2016-11-14 14:20:10,056 Decompressing the data archive to C:\Users\Sundeep\scikit_learn_data\lfw_home\lfw_funneled
2016-11-14 14:22:08,605 Loading LFW people faces from C:\Users\Sundeep\scikit_learn_data\lfw_home

2016-11-14 14:22:09,735 Loading face #00001 / 01288

2016-11-14 14:22:13,640 Loading face #01001 / 01288
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Plotting the Data

(dSome example faces

dYou may be too young to remember them all
def plt face(x):
h = 56
w = 37
plt.imshow(x.reshape((h, w)), cmap=plt.cm.gray)
plt.xticks([])
plt.yticks([])

Colin Powell Colin Powell

Hugo Chavez George W Bush

I = np.random.permutation(n_samples)
plt.figure(figsize=(10,20))
nplt = 4;
for i in range(nplt):
ind = I[i]
plt.subplot(l,nplt,i+l)
plt face(X[ind])
plt.title(target_names[y[ind]])

W TANDON SCHOOL
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Computing the SVD

(I Note efficient use of python broadcasting

npix = h*w
Xmean = np.mean(X,0)
Xs = X - Xmean[None, :]

Then, we compute an SVD. Note that in python the SVD re D
SVD:

np.linalg.svd(Xs, full_matr‘ices=False)/ o Use full_matrices (avoids computing zero SVs)

o Matrix V is what we call VT
(Different from MATLAB)

u,s,V =

NYU
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Finding the PoV

! 3 ; ‘ ! § dMost variance explained in about
— 400 components

(JSome reduction

S |
O
& . . . . . .
0.4}F e fmc emnnena jomnna o nee eennnnes jnrecnnss e . lam = S*%*2
' ' ' ‘ PoV = np.cumsum(lam)/np.sum(lam)
02 - e C e e e ..... -
' r : ‘ f plt.plot(PoV)
. plt.grid()
>0 200 400 600 800 1000 1200 plt.axis([1,n_samples,0, 1.1])
Number of PCs plt.xlabel( 'Number of PCs', fontsize=16)

plt.ylabel( 'PoV', fontsize=16)

NYU
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Plotting Approximations

nplt = 2 # number of faces to plot
ds = [0,5,10,20,100] # number of SVD approximations

—

# Select random faces

inds = np.random.permutation(n_samples)
inds = inds[:nplt]

nd = len(ds)

# Set figure size 4——’_____,————””’—
plt.figure(figsize=(1.8 * (nd+l1l), 2.4 * nplt))

plt.subplots_adjust(bottom=0, left=.01, right=.99, top=.99, hspace=.35)

(dSelection of figure sizes for subplot

# Loop over figures
iplt = 0
for ind in inds:

for d in ds: (dNote: Efficient computing of approx

plt.subplot(nplt,nd+1,iplt+1) "’,,,,——””’

Xhati = (U[ind,:d]*S[None,:d]).dot(V[:d,:]) + Xmean
plt_face(Xhati)

plt.title('d={0:d}"' .format(d))

iplt += 1

# Plot the true face
plt.subplot(nplt,nd+1l,iplt+1)
plt_face(X[ind,:])

plt.title( 'Full")

iplt += 1
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Plotting the Approximations

d=10 d=100




Plotting the PCs

dThe PCs can be plotted as well

These are known as Eigenfaces!
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How do we use Principle Components?

1 PCs tell us “latent” factors of the data
o Each sample is a weighted average of these PCs (eg. eigen-faces)

(dCan use the coefficients as low-dimension features for classification
o Early success with face recognition (using projection onto eigenfaces)

[ Can use the coefficients for compression
o JPEG image coder: uses DCT basis at block level

o JPEG wavelet coder: uses Wavelet basis over entire image

M Denoising
° Project noisy data onto the basis vectors
o Reconstruct from low freq. basis vectors

 Data normalization: scaled coefficients will be independent and have unit variance.
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Other Considerations

dNormalization: For most data, it is essential to standardize before computing PC
o Otherwise, components with large values dominate small ones

Sklearn has built in PCA routine (will explore in lab)

(JSome texts do not subtract mean
o Will be picked up as one of the PCs

NYU
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Outline

Dimensionality reduction

Principal components and directions of variance (a geometric perspective)
dComputing PCs via the SVD
dApproximation with PCs

dFace example in python

‘IExtensions

NY
NYU | sraiisos s




Orthonormal Sets and Bases

UDefinition: A set of vectors v4, ..., V4 are an orthonormal set if:

(e]

|vj|| = 1forallj (unit length)

° vavk = 0ifj # k (perpendicular to one another)

Qif d = p then vy, ..., v, is called an orthonormal basis

QMatrix form: IfV = [v; ...v4], then VIV =,

UIf d = p, then Vis an orthogonal matrix
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Coefficients in an Orthonormal Basis

JFor an orthonormal set IV
a="VTx, x=Va

JExamples of Orthonormal Basis:
o PCs, a data driven orthonormal basis

o Discrete Fourier Transform (normalized)
o Discrete Cosine Transform
o Wavelet transform

NYU
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Wiberg’s Method

JPCA with missing data

arg;nin mjn”)? — AV”F

s.t.VVT =]
XeRVXP A e RV Ve R¥*>*P d<p

arg;nin mAin”W o (X — AV)”F

s.t.Vvl =1
XeRV*P A e RV*4 1V € R¥P,d < p
Wi; = 1if valid data, otherwise 0

NYU
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Robust PCA

(JPCA is known sensitive to outlier

arg;nin mAin”)? —Av|| .

s.t.VVT =]
5 XeRNVXP, A e RV* 1V e R*XP,d < p

{

argmin mAinllL — AVl + 2 ISl;
%

v
X

s.t.X=L+S
vvT =1
XeRNVXP, A e RV* 1V e R*XP,d < p

5.0 1.5 10.0

NYU
NYU | sreaisioe s




Sparse orthonormal transforms

dFrom low rank to sparsity
argmin min||X — AV

s.t.VVT =1
XeRVP A e RV*4 )V e R¥>*P d <p

{

arg;nin mAin”)? — AV”F + 1Al

s.t.VVT =1
X € RVXP 4 € RNXP | € RPXP
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KSVD

(More parsimonious representation with redundant dictionary

arg;nin mAin”)? — AV||F

s.t.VVT =1
XeRVMP AeRV*EV eR™P, d<p

{

arg;nin mAin”)? — AV||F

s.t. X e RN*P, 4 € RV*? vV € RY*P, (d = p)
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Linear discriminative analysis

JProjects to the most discriminative direction
dSupervised learning with labels

dSimultaneously maximizing between classes variance and minimizing within class variance

4 | ’ 4 i | 4 ..I ) .
‘\” o "':.- RN \ Ce
~ ‘/ Loegh
of 0} ==
3
| 3
%
2t 2t
6 2 2 6

*figure from Bishop, Pattern Recognition and Machine Learning
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Linear discriminative analysis

JProjects to the most discriminative direction
dSupervised learning with labels

dSimultaneously maximizing between classes variance and minimizing within class variance

PCA of IRIS dataset LDA of IRIS dataset
1.5 A 3+
[ ] L ® setosa
‘ versicolor
] ] virginica
1.0 . 21 oo
°, ® o
[ ] e _©
[
0.5 1 0® ©
.‘ ...
[ ]
0.0 (L 0
[ ] '
054 @@ -1 ‘.
[}
“104 ° o seto§a 2] [
versicolor
virginica
T T T T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 4 -10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0

*figure from http://scikit-learn.org
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Linear discriminative analysis

JProjects to the most discriminative direction
dSupervised learning with labels

dSimultaneously maximizing between classes variance and minimizing within class variance

A selection from the 64-dimensional digits dataset

Linear Discriminant projection of tPaqdigits (time 0.015s)
F1Z34504139501L3745079 &l

0 0 D il o Y O LA S R LA IO e 0 P e o T
o S LS U Gl U R ST T o ) el e T
P2 2R ol OO VAP e ) O e O D
B p2 T e O O D 05 O O POl Y L W O
20 2 O e o O A T VIO VIO
AT ) P e PRl e e o e WY
LT e b 0 P 3 e e © O P e T
s D D U ol Ol P P PSS D S U A
0 AR D P 0 A O Rl e O O
0 ES L0 L0 B L 5 ) i e [l L P A O O
O O e e L B oD Ll P30 S O sl
o R O e L0 o e el o T e DD A et R
T G G U O ey G 0 O P T o el il P D A
k- LT e o L L e e ) O e S ) W
R O P2 U e ) O o U O e el e T e
A R R e e L ke R o D O e P N e bl
CHON O = o e O P e o0 0 o i 1) O o e b
- L T O R s el o e T P A ) e O
N T Y P e T O D e ) O e et
ALY [ e e Y U S e e S L

*figure from http://scikit-learn.org
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State-of-the-Art: Auto-Encoders

PCA is a simple example of an autoencoder

dTries to find low-dim representation
(JRestricted to linear transforms

dNot very good for images and complex data

a=VTx P X=Va
‘ U ‘
X a X
High-dim Low-dim Approximation
object representation
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Deep Auto-Encoders

(JCan use deep networks for learning complex latent representations and their inverses
o http://www.cc.gatech.edu/~hays/7476/projects/Avery Wenchen/

o https://swarbrickjones.wordpress.com/2016/01/13/enhancing-images-using-deep-convolutional-
generative-adversarial-networks-dcgans/ (Code in Theano not tensorflow)

: : MSE + BCE
Autoencoder for image completion

Depth: 3 Depth: 256 Depth: 256 Depth: 512 Depth: 1024 Depth: 512 Depth: 256 Depth: 256 Depth: 128
Width: 128 Width: 64 Width: 32 Width: 16  Width: 8 Width: 16  Width: 32 Width: 64 Width: 128
Height: 160 Height: 80 Height: 40 Height: 20 Height: 10  Height: 20 Height: 40 Height: 80 Height: 160
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http://www.cc.gatech.edu/~hays/7476/projects/Avery_Wenchen/
https://swarbrickjones.wordpress.com/2016/01/13/enhancing-images-using-deep-convolutional-generative-adversarial-networks-dcgans/
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